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Abstract. We present a functional analytic framework based on the spectrum of the transfer operator 
to study billiard maps associated with perturbations of the periodic Lorentz gas. We show that recently 
V".." constructed Banach spaces for the billiard map of the classical Lorentz gas are flexible enough to admit 

^ , a wide variety of perturbations, including: movements and deformations of scatterers; billiards subject to 

■ external forces; nonelastic reflections with kicks and slips at the boundaries of the scatterers; and random 
I perturbations comprised of these and possibly other classes of maps. The spectra and spectral projections 

of the transfer operators are shown to vary continuously with such perturbations so that the spectral gap 
^ ■ enjoyed by the classical billiard persists and important limit theorems follow. 

1. Introduction 

Q ■ The Lorentz gas is known to enjoy strong ergodic properties: both the continuous time dynamics and 
(— I . the bilhard maps are completely hyperbolic, ergodic, K-mixing and Bernoulli (see [St IGOllSOlCH] and the 
references therein) . Young [Y] proved exponential decay of correlations for billiard maps corresponding to 
the finite horizon periodic Lorentz gas using Markov extensions; this technique was subsequently extended 
to other dispersing billiards [Chlj and used to obtain important limit theorems such as local large deviation 
estimates and almost-sure invariance principles |MNH IMN21 IRYj . 

In this setting, it is natural to ask how the statistical properties of dispersing billiard maps vary with the 
shape and position of the scatterers. Alternatively, one may change the billiard dynamics by introducing an 

■ external force between collisions or by considering nonelastic reflections at the boundaries. Such perturbed 
. dynamics lead to nonequilibrium billiards whose invariant measures are singular with respect to Lebesgue 

measure. 

One of the first nonequilibrium physical models that was studied rigorously is the periodic Lorentz gas 
p\| . with a small constant electrical field [C ELSH ICELS2| and the well-known Ohm's law was proved for that 
' case. More general external forces were handled in [Ch2l ICh41 ICD2j and billiards with kicks at reflections 
J> ■ have been studied in [MPSl IZ]. Recently, Chernov and Dolgopyat |CDlj used coupling methods to study the 
motion of a point particle colliding with a moving scatterer. Locally perturbed periodic rearrangements 
of scatterers have also been the subject of recent studies |DSY) . Despite such successes, the study of 
5^ . perturbations of billiards has thus far been handled on a case by case basis, with methods adapted and 
developed for each speciflc type of perturbation considered. 

In this paper, we propose a unifled framework in which to study a large class of perturbations of 
dispersing billiards. This framework is based on the spectral analysis of the transfer operator associated 
with the billiard map and uses the recent work |DZj which successfully constructed Banach spaces on which 
the transfer operator for the classical periodic Lorentz gas has a spectral gap. 

We flrst present abstract conditions under which we have uniform control of spectral data for a given 
class of perturbed maps. We then prove that four broad classes of perturbations of billiards fit within this 
framework, namely: 

(i) Tables with shifted, rotated or deformed scatterers; 

(ii) Billiards under small external forces which bend trajectories during flight; 

(iii) Billiards with kicks or twists at reflections, including slips along the disk; 
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(iv) Random perturbations comprised of maps with uniform properties (including any of the above 
classes, or a combination of them). 

In particular, the results on random perturbations are a version of time-dependent billiards, in which 
scatterers are allowed to change positions between collisions. The fact that our main theorems, 12.21 and 
12.31 are proved in an abstract setting will facilitate the application of this framework to other classes of 
perturbations as they arise in future works. 

The present functional analytic approach uses the Banach spaces constructed in [DZ ] as well as the 
perturbative framework of Keller and Liverani jKLj to prove that the spectral data and spectral projectors, 
including invariant measures, rates of decay of correlations, variance in the central limit theorem, etc, vary 
Holder continuously for the classes of perturbations mentioned above (see [HI |L] for expositions of this 
approach). In addition, this approach yields new results for the perturbed billiard maps in terms of local 
limit theorems, in particular giving new information about the evolution of noninvariant measures in the 
context of these limit theorems. For example, applying Corollarv 12.41 to billiards under external forces and 
kicks, we obtain a local large deviation estimate with a rate function that is the same for all probability 
measures in our Banach space. This implies in particular that Lebesgue measure and the singular SRB 
measure for the perturbed billiard have the same large deviation rate function. 

The paper is organized as follows. In Section 2, we describe our abstract framework, state precisely the 
applications which serve as our model perturbations and formulate our main results. In Section 3, we lay 
out our common approach under the general conditions (H1)-(H5) which guarantee the required uniform 
Lasota-Yorke inequalities for Theorem 12.21 proved in SectionHl we also formulate conditions (C1)-(C4) to 
verify that a perturbation is small in the sense of our Banach spaces for Theorem 12.31 proved in Section [5l 
The investigations of the concrete models are provided in Sections [6] and El 

2. Setting and Results 

In this section, we describe the abstract framework into which we will place our perturbations and 
formulate precisely the classes of concrete deterministic perturbations to which our results apply. We 
also formulate a class of random perturbations with maps drawn from any mixture of the deterministic 
perturbations described below. We postpone until Section [3] a precise description of the Banach spaces 
and the formal requirements on the abstract class of maps T . 

2.1. Perturbative framework. We recall here the perturbative framework of Keller and Liverani jKLj . 
Suppose there exist two Banach spaces (B^ || • ||b) and (Bw-, \ • \w) with the unit ball of B compactly embedded 
in Bw, I • U < II • lls) and a family of bounded linear operators {£e}£>o defined on both B^ and B such 
that the following holdsQ There exist constants C, > and o" < 1 such that for all e > and n > 0, 

l/^e^U < C??"|/i|^ for all h G B^, 

^^'^^ \\Clh\\B<Ca''\\h\\B + C^''\h\^ forall/iGS. 

If (7 < ry, the operators vC^ are quasi-compact with essential spectral radius bounded by a and spectral 
radius at most r\ (see for example [B]). Suppose further that 

(2.2) |||£, - £o||| := sup{|£e/i - A/^U : /i G i3, ||/i||b < 1} < p(e), 

where p{£) is a non-increasing upper semicontinuous function satisfying lime_>o /o(£) = 0. 

The main result of |KL| is the following. Let sp(£o) denote the spectrum of vCq- For any a\ > a, by 
quasi-compactness, sp(£o) njz G C : |2:| > ai} consists of finitely many eigenvalues gi, ■ ■ ■ , Qk of finite 
multiplicity. Thus there exists > and we may choose ai such that \Qi — Qj\ > for i ^ j and 
dist(sp(£o); {|-z| = ci}) > i*. For t <t^, and e > 0, define the spectral projections, 

np) := J- f (z- Cr)-^ dz and 



e 



2m 



\Z-Qj\=t 



nl"i) := ^ I {z-Ce)-^dz. 



2m 



|z|=cri 



-'^The results of [KL| hold in a more general setting, but we only state the version we need for our purposes. 
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Theorem 2.1. ([KL\) Assume that (j2J]) and ([22]) hold. Then for each t < t^ and s < I - there 

exist ei,C > such that for any < e < ei, the spectral projections Ili^^ and Ili'^^^ are well defined and 
satisfy, for each j = 1, . . . k, 

(1) iiini^'^ -n[,-''^||| < Cp{sy and |||ni"^^ -nj'^^m < Cp{ey 

(2) rank{ui^^) = rank{U^Q^^); 

(3) ||£^ni'''^|| < Ca"^, for all n>0. 

We say an operator C has a spectral gap if £ has a simple eigenvalue of maximum modulus and all 
other eigenvalues have strictly smaller modulus. The above theorem implies in particular that if Cq has 
a spectral gap, then so does Cg for e sufficiently small. In addition, the related statistical properties (for 
instance, invariant measures, rates of decay of correlations, variance of the Central Limit Theorem) are 
stable and vary Holder continuously as a function of p(e). This is the framework into which we will place 
our perturbations of the Lorentz gas. 

2.2. An abstract result for a class of maps with uniform properties. We begin by fixing the 
phase space M of a billiard map associated with a periodic Lorentz gas. That is, we place finitely many 
(disjoint) scatterers Lj, i = 1, . . . d, on which have boundaries with strictly positive curvature. The 
classical billiard flow on the table \ Ujjinterior Fj} is induced by a particle traveling at unit speed and 
undergoing elastic collisions at the boundaries. In what follows, we also consider particles whose motion 
between collisions follows slightly curved trajectories (due to external forces) as well as certain types of 
collisions which do not obey the usual law of reflection. 

In all cases, the billiard map associated with the flow is the Poincare map corresponding to collisions 
with the scatterers. Its phase space is M = uf^ih x [— 7r/2, 7r/2], where £{Ii) = {dVil, i.e. the length of 
li equals the arclength of dTi, i = 1, . . . d. M is parametrized by the canonical coordinates (r, (^) where r 
represents the arclength parameter on the boundaries of the scatterers (oriented clockwise) and if represents 
the angle an outgoing (postcollisional) trajectory makes with the unit normal to the boundary at the point 
of collision. 

The phase space M and coordinates so deflned are fixed for all classes of perturbations we consider; 
however, the configuration space (the billiard table on which the particles flow) and the laws which govern 
the motion of the particles may vary as long as all variations give rise to the same phase space M, i.e. the 
number of Lj and the arclengths of their boundaries do not change. See Remark 12.71 for a way to relax 
this requirement on the arclength. For any x = (r, ip) G M, we deflne t{x) to be the flrst collision of the 
trajectory starting at x under the billiard flow. The billiard map is defined wherever r(x) < oo. We say 
that the billiard has finite horizon if there is an upper bound on the function r. Otherwise, we say the 
billiard has infinite horizon. Notice that the function r depends on the placement of the scatterers in T^, 
while M is independent of their placement. 

We assume there exists a class of maps on M satisfying properties (H1)-(H5) of Section l3.ll with 
uniform constants. For each T G in Section 13.21 we define the transfer operator Ct associated with T 
on an appropriate class of distributions h by 

CTh{tp) = h^ip o T), for suitable test functions ip. 

In Section [33} we define Banach spaces of distributions (;S, || • H^) and {13w,\ ■ \w), preserved under the 
action of Ct, T £ such that the unit ball of B is compactly embedded in Bw 

Theorem 2.2. Fix M as above and suppose there exists a class of maps J- satisfying (H1)-(H5) of 
Section \3.1\ Then Ct is well defined as a bounded linear operator on B for each T £ T . In addition, there 
exist C > 0, o" < 1 such that for any T £ T and n > 0, 

\C'ihU<CTr\hU forallh€B^, 

< C7ct"||/i||b + C7r/"|/i|^ for all h £ B, 

where rj > 1 is from (H5). This, plus the compactness of B in Bw, implies that all the operators Ct, 
T £ are quasi-compact with essential spectral radius bounded by a: i.e., outside of any disk of radius 
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greater than a, their spectra contain finitely many eigenvalues of finite multiplicity. Moreover, for each 
T aF, 

(i) the spectral radius of Ct is 1 and the elements of the peripheral spectrum are measures absolutely 
continuous with respect tojl := lim„_s.oo ^ Ym=o ^t^! 

(ii) an ergodic, invariant probability measure v for T is in B if and only if i' is a physical measur^ for 
T; 

2-711 JS- 

(iii) there exist a finite number o/ G N such that the spectrum of C on the unit circle is U^je ''f : 
< k < q£, k € N}. The peripheral spectrum contains no Jordan blocks. 

(iv) LetS^ne denote the e -neighborhood o/5j?„, the singularity set for T^"" (with homogeneity strips). 
Then for each v in the peripheral spectrum and n ^ 'N, we have < Cn£°^ , for some constants 
C„ > 0. 

(v) // {Tji) is ergodic, then 1 is a simple eigenvalue. If {T'^,Ji) is ergodic for all n E N, then 1 is 
the only eigenvalue of modulus 1, [T,]!) is mixing and enjoys exponential decay of correlations for 
Holder observables. 

Theorem 12.21 is proved in Section HI In Section [331 we define a distance dj^{-,-) between maps in J^. 
Our next result shows that this distance controls the size of perturbations in the spectra of the associated 
transfer operators. 

Theorem 2.3. Let f3 > be from the definition of (B, \\ ■ in Section \3. 3[ There exists C > such that 
ifTi,T2 e J" with djr{Ti,T2) < e, then 

|||£ti -^TilW < Ce^''^ where \\\ ■ \\\ is from (lO) . 

We prove Theorem 12.31 in Section [5j According to Theorem 12. H an immediate consequence of Theo- 
rems 12.21 and 12.31 is the following. 

Corollary 2.4. If Tq ^ T has a spectral gap, then all T E X^^Tq) = {T G T : dj^{T,TQ) < e have 
a spectral gap for e sufficiently small. In particular, the maps in X,, enjoy the following limit theorems 
(among others), which follow from the existence of a spectral gap. 

Fix T €z F with a spectral gap. Let 7 = max{p, 2(3 + 6} for some 6 > 0, where p and (3 are from Sect. \3.^ 
and let g G C^{M). Define 5„c/ = YIlZl g°T^- 

(a) (Local large deviation estimate) For any (not necessarily invariant) probability measure ly G B, 

lim lim - log 1/ fx € M : -Sng{x) G [t - e,t + e]) = -I{t) 

where the rate function I{t) is independent of u £ B (but may depend on T ), and t is in a neigh- 
borhood of the mean ]l{g) . 

(b) (Almost-sure invariance principle). Suppose /u(g) = and distribute (g o T^)j,zfq according to a 
probability measure v £ B. Then there exist A > 0, a probability space Vi with random variables 

{Xn] satisfying Sng ^=^' Xn, and a Brownian motion W with variance >Q such that 

Xn = W{n) + 0{n^^'^~'^) as n —)• 00 almost-surely in VL. 

The proof of the corollary is the same as that of [DZ, Theorem 2.6] and will not be repeated here. 

2.3. Applications to concrete classes of deterministic perturbations. In this section we describe 
precisely several types of perturbations of the Lorentz gas which fall under the abstract framework we 
have outlined above. In light of Theorems 12.21 and 12. 3( it suffices to check two things for each class of 
perturbations we will introduce: (1) (H1)-(H5) hold uniformly in each class; (2) the perturbations are 
small in the sense of the distance •). 

A. Movements and Deformations of Scatterers. 

We fix the phase space M = uf^iL x [— |, ^] associated with a billiard map corresponding to a periodic 

^Recall that a physical measure for T is an ergodic, invariant probabiUty measure v such that lim„^oo ^ f{T''x) = 

J f dv for a positive Lebesgue measure set of a; £ AI. 
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Lorentz gas with d scatterers as described above. We assume that the bilhard particle moves along straight 
lines and undergoes elastic reflections at the boundaries. 

For given Ii, . . . , we use the notation Q = Q{{ri}f=i', {Ii}f^i) to denote the configuration of scatterers 
Ti, . . . ,T(i placed on the billiard table such that \dTi\ = £{Ii), i = 1, . . . ,d. Since we have fixed Ii, . . . 
M remains the same for all configurations Q that we consider. For each such configuration, we define 

Tmin(Q) = inf{r(x) : t(x) is defined for the configuration Q}. 

Similarly, /Cmin(Q) and /Cmax(Q) denote the minimum and maximum curvatures respectively of the Fj in 
the configuration Q. The constant i?max(Q) denotes the maximum norm of the 9Fj in Q. 

For each fixed t^,'IC^^E^ > 0, define Qi(r^,,/C=K,£'*) to be the collection of all configurations Q such that 
Tmin(<5) > n, K.^ < /Cmm(Q) < -f^max(Q) < and £'max(<5) < -E*. The horizon for Q G Qi{n,fC*,E^) 
is allowed to be finite or infinite. Let J^i (r* , /C* , ) be the corresponding set of billiard maps induced by 
the configurations in Qi. It follows from (DZj that for any T £ J^i (r* , /C=k , i?* ) , Ct has a spectral gap in B. 
We prove the following theorems in Section [6l 

Theorem 2.5. Fix Ii, . . . , Id and /ei t*,/C*, E^* > 0. The family J^i{t^: , IC^: , E^,) satisfies (H1)-(H5) with 
uniform constants depending only onr^, /C* andE^. As a consequence of Theorem \2.Si Ct is quasi-compact 
as an operator on B for each T € J-"i(t*, /C*, -E*) with uniform hounds on its essential spectral radius. 

We fix an initial configuration of scatterers Qo £ Qi (t* , /C* , -E^, ) and consider configurations Q which alter 
each dVi in Qo to a curve dVi having the same arclength as 9Fj. We consider each dVi as a parametrized 
curve Ui : Ii ^ M and each dVi as parametrized by Uj. Define A((5, Qo) = Yl'i=i ~ ^i\c'^{U,M)' 

Theorem 2.6. Choose 7 < min{T*/2, /C*/2} and let Fa{Qq-,E^,;^) he the set of all billiard maps corre- 
sponding to configurations Q such that A{Q,Qq) < 7 and E^^^xiQ) ^ E^,. 

Then Ta{Qo,E,;j) C ^i(n/2,/C,/2,E,) and d^{Ti,T2) < C\j\^/'^^ for any Ti,T2 G Ta{Qo, E,;-f). If 
all Ti G Jvi(Qo) -E"*; 7) have uniformly bounded finite horizon, then dj^{Ti,T2) < C\j\^^^ . 

As a consequence, the eigenvalues outside a disk of radius a < 1 and the corresponding spectral projectors 
of Ct vary Holder continuously for all T G ^-^(Qoi -S'*; 7) and all 7 sufficiently small. 

Remark 2.7. (a) A remarkable aspect of this result is that it allows us to move configurations from finite 
to infinite horizon without interrupting Holder continuity of the statistical properties such as the rate of 
decay of correlations and the variance in the CLT, among others. 

(b) The requirement that all deformations of the initial configuration Qq maintain the same arclength can 
be relaxed. The purpose of this requirement is to define the corresponding transfer operators on fixed spaces 
B and Byj. If a scatterer Fj is deformed into T[ with a slight change in arclength, we can reparametrize F^ 
(no longer according to arclength) using the same interval Ii as for Ti. This will change the derivatives of 
maps in the class Fb{Qo,E^,;^) slightly, but since properties (H1)-(H5) have some leeway built into the 
uniform constants, for small enough reparametrizations the same properties will hold with slightly weakened 
constants. 

B. Billiards Under Small External Forces with Kicks and Slips. 

As in part A, we fix r*,/C* and i?* and choose a fixed Qo G Qi (t* , /C* , -E* ) . In this section, we consider 
the dynamics of the billiard map on the table Qo, but subject to external forces both during flight and at 
collisions. 

Let q = (x, y) be the position of a particle in a billiard table Qo and p be the velocity vector. For 
a stationary external force, F : x M-^ ^ M^, the perturbed billiard flow satisfies the following 
differential equation between collisions: 

(2.4) ^=pW, | = F(<,.p). 

At collision, the trajectory experiences possibly nonelastic reflections with slipping along the boundary: 

(2.5) (q+ {ti), p+ {ti)) = (q- (t,), 7^p- {ti)) + G{qr {ti), v' {U)) 

where 7^p~(ij) = p~(ti) + 2(n(q^) • p^)n(q^)) is the usual reflection operator, n(q) is the unit normal 
vector to the billiard wall 9Qo at q pointing inside the table Qo, and q~(ti), p~(ti), c^{ti) and 'p'^{ti) refer 
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to the incoming and outgoing position and velocity vectors, respectively. G is an external force acting on 
the incoming trajectories. Note that we allow G to change both the position and velocity of the particle 
at the moment of collision. The change in velocity can be thought of as a kick or twist while a change in 
position can model a slip along the boundary at collision. 

In \Ch2\ ICh4j . Chernov considered billiards under small external forces F with G = 0, and F to be 
stationary. In [Z] a twist force was considered assuming F = and G depending on and affecting only 
the velocity, not the position. Here we consider a combination of these two cases for systems under more 
general forces F and G. We make four assumptions, combining those in |Ch2[ [Z]. 

(Al) (Invariant space) Assume the dynamics preserve a smooth function iS(q, p). Its level surface 
Qc '■= for any c > 0, is a compact 3-d manifold such that ||p|| > on Qc o.nd for each q S Q C'''^d 

p G S'"'^ the ray {(q, tp),t > 0} intersects the manifold Q.c in exactly one point. 

Assumption (Al) specifies an additional integral of motion, so that we only consider restricted systems 
on a compact phase space. In particular, (Al) implies that the speed p = ||p|| of the billiard along any 
typical trajectory at time t satisfies 

< Pmin < P{t) < Pmax < OO 

for some constants Pmin < Pmax- Under this assumption the particle will not become overheated, and its 
speed will remain bounded. For any phase point x = (q, p) G 17 for the flow, let r(x) be the length of the 
trajectory between x and its next non-tangential collision. 

(A2) (Finite horizon) There exist Tmax > Tmm > such that free paths between successive reflections are 
uniformly bounded, r*/2 < Tmin < ''"(x) < Tmax < t^T^, Vx G Q. Since Qq G Qi(t*,/C*,£'*), the curvature 
)C{r) of the boundary is also uniformly bounded for all r G OQq. 

(A3) (Smallness of the perturbation). We assume there exists ei > small enough, such that 

||F||(^l < El, ||G||ci < El. 

Let V = (cos 0, sin 0) denote the unit velocity vector with 6 G [0, 27r], and M he a level surface Qc with 
coordinates (q, ^), for some fixed c > 0. Denote Tf,g : M — )• M as the billiard map associated to the flow 
on Ai, where M is the collision space containing all post-collision vectors based at the boundary of the 
billiard table Qq. 

(A4) We assume both forces F and G are stationary and that G preserves tangential collisions. In addi- 
tion, we assume that the singularity set ofT^]^ is the same as that o/Tpgll 

The case F = G = corresponds to the classical billiard dynamics. It preserves the kinetic energy 
^ = ^IIpIP- We denote by -Fe(Qo) t*, ^i) the class of all perturbed billiard maps defined by the dynamics 
(j2.4p and (12. Sp under forces F and G, satisfying assumptions (A1)-(A4). 

Theorem 2.8. For any T G J-{Qq,t^:,ei), the perturbed system T satisfies (H1)-(H5) with uniform 
constants depending only on Ei, r*, /C=k and E^,. 

Theorem 2.9. Within the class J^b{QoiT*,Ei), the change of either the force Y or G by a small amount 
5 yields a perturbation of size 0(\5\^^'^) in the distance djr{-,-). 

As a consequence, the spectral gap enjoyed by the classical billiard Tq^ persists for allT-p^G G J'{QojT*t^i) 
for El sufficiently small so that we may apply the limit theorems of Corollary \2.4\ to any such Tp^G- 

The limit theorems implied by Theorem 12.91 are new even for the simplified maps Tf,o and Tq^g- We 
provide the proofs of Theorems 12.81 and 12.91 in Section [Tl 

"^The assumption on the singularity set of q is not essential to our approach, but is made to simplify the proofs in 
Section [71 since the paper is already quite long and we include a number of distinct applications. 
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2.4. Smooth random perturbations. We follow the expositions in [DLl IDZ] . Suppose is a class of 
maps satisfying (H1)-(H5) and let djr{-, •) be the distance in T defined in Section [3^ For Tq £ T, e > 0, 
define 

X,{To) = {T e : dAT,To) < e}, 

to be the e-neighborhood of Tq in T. 

Let (0,z^) be a probability space and let 5 : x Af — t- be a measurable function satisfying: There 
exist constants a,A>0 such that 

(i) g{u;, ■) £ C^(M,M+) and \g{uj, ■)\ci(m) < ^ for each u £ 

(ii) g{uj, x)di^{uj) = 1 for each x G M; 

(iii) g{u;, x) > a for all w E il, x G M. 

We define a random walk on M by assigning to each w € ri, a map T G Xe(To). Starting at x G M, 
we choose T^^ G Xe(To) according to the distribution g{oj,x)du. We apply to x and repeat this process 
starting at T^^x. We say the process defined in this way has size A{u,g) < e. 

Notice that if v is the Dirac measure centered at wq, then this process corresponds to the deterministic 
perturbation T^^ of Tq. If 5 = 1, then the choice of is independent of the position x, while in general 
this formulation allows the choice of the next map to depend on the previous step taken. 

The transfer operator ^(u,g) associated with the random process is defined by 

^{u,g)Kx) = / ^Tu^Hx) g{uj,T^'^x)diy{uj) 
Jn 

for all h G L^{M,m), where m is Lebesgue measure on Af. 

Theorem 2.10. The transfer operator C(^yg-^ satisfies the uniform Lasota-Yorke inequalities given by The- 
orem\2^ Let Eq he given by (j3.13p and let e < Eq. // A(z/, 5) < e, then there exists a constant C > 
depending only on (H1)-(H5), such that — £toIII < CAe^^"^. 

It follows that all the operators £^(u,g) enjoy a spectral gap for e sufficiently small if Ctq has a spectral 
gap and the limit theorems of Corollary \2.4\ apply to ^{u,g)- 

2.5. Large perturbations: Large translations, rotations and deformations of scatterers. If we 

fix r*,/C* > and < 00, then Theorems 12.21 and 12.51 imply that the transfer operator Ct corresponding 
to any T G Fi{t^,,K,^,,E^,) is quasi-compact with essential spectral radius bounded by a < 1. In fact, [DZ| 
Theorem 2.5] implies that Ct has a spectral gap. 

Now choose a compact interval J C M and parametrize a continuous path in J-i [t^, ^fC-t^E^,) according to 
the distance djr{-, •). To each point s G J is assigned a map G Fi{t^,,K,^,,E^,) and a corresponding transfer 
operator Cs- Fix ai > a. Due to Theorem 12.31 there exists > such that the spectra and spectral 
projectors of Cs' outside the disk of radius ai vary Holder continuously for s' G (s — Es, s + Es) =■ B{s, Es)- 

The balls B{s,Es), s € J form an open cover of J and since J is compact, there is a finite subcover 
{B(si,Esi)}f=i- Because these intervals overlap, as we move along the entire path from one end of J to 
the other, the spectra and spectral projectors of Cs vary Holder continuously in s. We have proved the 
following. 

Theorem 2.11. Let J C M 6e a compact interval and let {Ts}seJ C J-*! (r,,, , /C* , ) be a continuously 
parametrized path according to the distance dj^{-,-). Then the spectra and spectral projectors of the associ- 
ated transfer operators Cs vary Holder continuously in the distance djr(-,-). 

As a consequence, the related dynamical properties of Tg, such as the rate of decay of correlations 
and variance in the Central Limit Theorem, vary Holder continuously even across large movements and 
deformations of scatterers as long as the resulting maps remain in J-i (r* , /C* , E'* ) . Indeed, since J is 
compact, the continuity of the spectral data implies that the spectral gap is uniform along such paths even 
when the resulting configurations are no longer close to the original. This regularity holds as we move 
scatterers in such a way that the table changes from finite to infinite horizon. 

Remark 2.12. One could just as well apply the above large movements of scatterers to billiards under 
external forces in the uniform families J^b{Qs,t^,£i) CLnd allow the configurations Qs, s G J, to change 
over a continuously parametrized path in Fi (r* ,IC^,E^) as long as the horizon along the path remains 
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bounded uniformly above by ^ . Theorem \2.11\ applies to such families of maps as well since they all 
possess spectral gaps by Theorem \2. 91 

3. Common Approach 

In this section, we describe the common approach we will take for each class of perturbations that 
we consider. We begin by formulating general conditions (H1)-(H5) under which the perturbations of 
a billiard map will satisfy the Lasota-Yorke inequalities (j2.ip with uniform constants. We also introduce 
general conditions (C1)-(C4) to verify that a perturbation is small in the sense of (j2.2p . Theorems 12.21 and 
12.31 show that these conditions are sufficient to establish the framework of |KL| . Once this is accomplished, 
we only need to check that these conditions are satisfied for each class of perturbations described above. 

3.1. A class of maps with uniform properties. We fix the phase space M = Dili x [— -I, §] of a billiard 
map associated with a periodic Lorentz gas as in Section 12. 2[ 

We define the set Sq = {ip = and for a fixed £ N, we define for k > ko, the homogeneity strips, 

(3.1) Mfc = {(r, if) : tt/2 - k'^ < if < tt/2 - {k + if}. 

The strips IHI_fc are defined similarly near ip = — 7r/2. We also define Hq = {{r,f) : — 7r/2 + kQ^ < 93 < 
7r/2 — k^'^}. The set Sq^h = U {U^^yi^gdM.±k) is therefore fixed and will give rise to the singularity sets 
for the maps that we define below, i.e. for any map T that we consider, we define = W^^qT^^Sq^h to 
be the singularity sets for T^", n > 0. 

Suppose there exists a class of invertible maps T such that for each T £ J^, T : M \ Sf — )■ M \ 5^1 is 
a diffeomorphism on each connected component of M \ Sf . We assume that elements of J- enjoy the 
following uniform properties. 

(HI) Hyperbolicity and singularities. There exist continuous families of stable and unstable cones C*(x) 
and C'^{x), defined on all of M, which are strictly invariant for the class J-', i.e., DT{x)C'^{x) C C'^{Tx) 
and DT~^{x)C^{x) C C*(r~^x) for all T G wherever DT and DT^^ are defined. 

We require that the cones C^{x) and C"(x) are uniformly transverse on M and that 5T„ is uniformly 

transverse to C^{x) for each n G N and all T £ T. We assume in addition that C*(x) is uniformly 
transverse to the horizontal and vertical directions on all of mH 
Moreover, there exist constants Cg > and A > 1 such that for all T G J^, 

(3.2) \\DT'^{x)v\\ > C-'^A''\\v\\,yv G C7"(x), and ||Dr""(x)t;|| > C-^A^HvH, Vt; G C'{x), 
for all n > 0, where || • || is the Euclidean norm on the tangent space TxM. 

For any stable curve W G (see (H2) below), the set W D TSq (not counting homogeneity strips) is 
finite or countable and has at most K accumulation points on W, where > is a constant uniform for 
T £ T. Let Xoo be one of them and let denote the monotonic sequence of points WCiTSq converging 
to Xoo- We denote the part of W between Xn and Xn+i by Wn. We assume there exists > such that 
the expansion factor on Wn satisfies 

(3.3) Can[cosip{T-'^x)]-^\\v\\ < \\DT-^{x)v\\ < C^^n[cos(^(r-^x)]-^||t;||, Vx G W„,Vv G C'{x), 

where ip{y) denotes the angle at the point y = (r, 99) G M. Let exp^; denote the exponential map from 
TxM to M. We require the following bound on the second derivative, 

(3.4) Can'^[cosip{T-^x)]'^ < \\D^T-^{x)v\\ < C'^n^ [cos v?(T-^x)]"^ Vx G Wn, 
for all V G TxM such that T~^(exp^(v)) and T^^x lie in the same homogeneity strip. 

^This is not a restrictive assumption for perturbations of the Lorentz gas since the standard cones C" and (7" for the 
billiard map satisfy this property (see for example [CMI Section 4.5]); the common cones ^{x) and C"(a;) shared by all maps 
in the class T must therefore lie inside C^ix) and C^{x) and therefore satisfy this property. In any case, a weaker formulation 
of this assumption is necessary: we use in the compactness argument that the lengths of stable curves in the homogeneity 
strips Hfc, k > ko, are proportional to the width of the strips. This is only true if stable curves are transverse to the horizontal 
direction in such strips. 
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We assume there exist constants c^j,fo > such that if x E Wn and T Gllj^, then 
(3.5) k > c^n'^o. 

If = (i.e. the bilhard has finite horizon) then the indexing scheme above based on n is finite and (|3.3p . 
(lO) and dSS]) hold with n = 1. 

If n TSq has no accumulating points, we assume ()3.3p . (j3.4p hold with n = 1. 



(H2) Families of stable and unstable curves. We call W a stable curve for a map T € if the tangent line 
to W, TxW lies in C^{x) for all x S VF. We call W homogeneous if is contained in one homogeneity 
strip Hfc. Unstable curves are defined similarly. 

We assume that there exists a family of smooth stable curves, W^, such that each W E is a stable 
curve with curvature bounded above by a uniform constant B > 0. The family is required to be 
invariant under in the following sense: For any W £ and T £ the connected components of 
T~^W are again elements of W*. 

A family of unstable curves is defined analogously, with obvious modifications: For example, we require 
the connected components of TW to be elements of W" for all W G W" and T G T. 

(H3) One-step expansion. We formulate the one-step expansion in terms of an adapted norm || • H^,,, 
uniformly equivalent to || • ||, in which the constant Cg in (|3.2p can be taken to be 1, i.e. we have expansion 
and contraction in one step in the adapted norm. We assume such a norm exists for maps in the class J-. 

Let W G W^. For any T £ J^, we partition the connected components of T~^W into maximal pieces 
Vi = Vi{T) such that each Vi is a homogeneous stable curve in some H^, k > ko, or Hq. Let | Jy^Tl* denote 
the minimum contraction on Vi under T in the metric induced by the adapted norm || • W^,. We assume 
that for some choice of ko, 



(3.6) 



limsupsup sup y \Jv^T\^ < 1, 
5^0 T€T\W\<S^ 



where \W\ denotes the arclength of W. 

In addition, we require that the above sum converges even when the expansion on each piece is weakened 
slightly in the following sense: There exists ?o < 1 such that for all ? > there exists C<j = C,j(<;, 5) such 
that for ah T G J" and any W £ with \W\ < 6, 



(3.7) 



co(y.) 



where JviT denotes the stable Jacobian of T along the curve Vi with respect to arc length. We formulate 
(j3.7p in terms of the usual Euclidean norm since we do not need Gj < 1, i.e. we only need the above sum 
to be finite in some uniform sense. 



(H4) Bounded distortion. There exists a constant > with the following properties. Let W G 
and for any T £ J^, n £ let x,y G W for some connected component W C T~^W' such that T^W is a 
homogeneous stable curve for each < i < n. Then, 



(3.8) 



< Cddwix^yY'^ and 



JwT^{y) 



< Cddw{x,yf'\ 



where J^T" is the Jacobian of T" with respect to the smooth measure d/i = cos cpdrdip. 

We assume the analogous bound along unstable leaves: If G W" is an unstable curve such that T^W is 
a homogeneous unstable curve for < i < n, then for any x,y £ W, 



(3.9) 



< CdiT'^x^T^yfl^ 
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(H5) Control of Jacobian. Let /3, g < 1 be from the definition of the norms in Section 13.31 and let 6^, < 1 
be from ()3.10p . Assume there exists a constant t] < min{A^, A'', d^~^} such that for any T G J^, 



3.2. Transfer operator. Recall the family of stable curves defined by (H2). We define a subset 
W"* C W"* as follows. By (H3) we may choose do > for which there exists 0=,, < 1 such that 



We shrink Sq further if necessary so that the graph transform argument in Lemma l3.3r a) holds. The set 
comprises all those stable curves W G W such that \W\ < 5o. 

For any T G we define scales of spaces using the set of stable curves on which the transfer operator 
Ct associated with T will act. Define T~"W'* to be the set of homogeneous stable curves W such that 
T" is smooth on W and T'W G for < i < n. It fohows from (H2) that T""W^ C W. We denote 
(normalized) Lebesgue measure on M by m. 

For W G T~"'>V*, a complex- valued test function ip : M ^ C, and < p < 1 define H^{ip) to be 
the Holder constant of t/' on with exponent p measured in the Euclidean metric. Define HnO^) = 
supiygji-nyys H^^{ip) aud Ict CP(T~"'VV"*) = {ip : M ^ C \ Hn{ip) < oo}, denote the set of complex-valued 
functions which are Holder continuous on elements of T~"'W*. The set CP(r~"W*) equipped with the 
norm |V'lcp(T-"W'=) = iV'loo + Hn{ip) is a Banach space. Similarly, we define CP{W^), the set of functions 
which are Holder continuous with exponent p on unstable curves W". 

It follows from gSD that if V G CP(r-("-i)>V^), then tpoT e CP(r-"W^). Thus if /i G {& (T-^^W))' , 
is an element of the dual of CP(T~">V"), then Ct ■ {&{T''^W)y (CP(r-("-i) W))' acts on h by 

CtHiI^) = hill, oT) G CP(r-("-i)w). 

Recall that d^i = ccosipdrdip denotes the smooth invariant measure for the unperturbed Lorentz gas. If 
h G L^{M,fi), then h is canonically identified with a signed measure absolutely continuous with respect to 
/i, which we shall also call h, i.e., h{ip) = Jj^jiphdfi. With the above identification, we write L^{M,iJ,) C 
(C^(T~"W*))' for each n G N. Then restricted to L^{AI,fj.), Ct acts according to the familiar expression 

C^h = /lo T"" (J^T"(T-"))-^ for any n > and h G L^{M,fi). 

Remark 3.1. In [ DZj . we used Lebesgue measure as a reference measure to show that the functional 
analytic framework developed there did not need to assume the existence of a smooth invariant measure. 
Now that fi has been established in our function space B, however, we find it more convenient to use it as a 
starting point in our study of the classes of perturbations considered here. It also simplifies our norms and 
estimates slightly since for example, it eliminates the need for the cos W weight in our test functions that 
was used in |DZ| . We do not assume that fj, is an invariant measure for T G J-; indeed, the SRB measures 
for such T are in general singular with respect to Lebesgue measure. 

3.3. Definition of the Norms. The norms are defined via integration on the set of stable curves W^. 
Before defining the norms, we define the notion of a distance dy\;s[-,-) between such curves as well as a 
distance dq{-, ■) defined among functions supported on these curves. 

Due to the transversality condition on the stable cones C^{x) given by (HI), each stable curve W can be 
viewed as the graph of a function (^ly (r) of the arc length parameter r. For each W G W*, let Iw denote the 
interval on which ifw is defined and set Gw{t^) = {f, ^w{f)) to be its graph so that W = {Gw{f) ■ f £ Iw}- 
We let mw denote the unnormalized arclength measure on W . 

Let Wi,W2 G and identify them with the graphs of their functions (pwi-, i = 1,2. Suppose 
Wi,W2 lie in the same component of M and let Iwi be the r-interval on which each curve is defined. 
Denote by £(1^/^ A/vvj) the length of the symmetric difference between I\y^ and Iw2- Let Hfc. be the 
homogeneity strip containing Wi. We define the distance between Wi and W2 to be. 



{J^T{x)) < ?7, wherever J^T{x) is defined. 



(3.10) 



sup sup 

TeT\W\<So 




dyvs{Wi,W2) = r]{ki,k2) + ^(%i A/h/J + \ipwi - y^W2\cHiw,niw2) 



A FUNCTIONAL ANALYTIC APPROACH TO PERTURBATIONS OF THE LORENTZ GAS 11 

where r]{ki,k2) = if /ci = /c2 and r]{ki,k2) = oo otherwise, i.e., we only compare curves which lie in the 
same homogeneity strip. 

For < p < 1, denote by CP{W) the set of continuous complex- valued functions on W with Holder 
exponent p, measured in the Euclidean metric, which we denote by dw{-, •)■ We then denote by C^(W) the 
closure of C^(W) in the C^-norrrQ: |?/'|cp(VK) = IV'lco(Vl/) + where H^^ip) is the Holder constant 

of ip along W. Notice that with this definition, \ipitp2\cp{w) ^ IV'iIcj'(VF)IV'2|cp(VF)- We define CP(M) and 
CP{M) similarly. 

Given two functions ipi £ C'^{Wi, C), g > 0, we define the distance between ipi, ip2 as 

dq{iJi,'il^2) = IV'i o Gw^ -ip2 Gw2\ciiiw^niw2)- 

We will define the required Banach spaces by closing C^(M) with respect to the following set of norms. 
For s,p>0, define the following norms for test functions, 

\i'\w,s,p ■■= \W\' ■ \tl^\cp(W)- 
Now fix < j» < |. Given a function h G C^(M), define the weak norm of h by 



(3.11) \h\^ := sup sup / hip drnw- 

W&A!" i/'6CJ'(VK) Jw 
IV'|m',o,p<i 

ChoosfS a, /3, g > such that a < 1 — q < p and /? < min{a,p — q}. We define the strong stable norm 
of h as 



hipi dmw — / dniw 

Wl JW2 



(3.12) \\h\\s '■= sup sup / hip dmw 

\lp\w,a,q<^ 

and the strong unstable norm as 

(3.13) ll^lln '■= sup sup sup —a 

s<so Wi,W2&W iPiGCPiWi) 
dws{Wi,W2)<e \i>i\wi,o,p<'^ 
dqi4'i,ip2)<e 

where eo > is chosen less than Sq, the maximum length of W £ which is determined by (j3.10p . We 
then define the strong norm of h by 

\\h\\i3 = \\h\U + b\\h\\u 

where 6 is a small constant chosen in Section 21 

We define B to be the completion of C^{M) in the strong norrcQ and B^, to be the completion of C^(M) 
in the weak norm. 

3.4. Distance in J^. We define a distance in as follows. Let Eq be from (|3.13p . For Ti,T2 G and 
e < ^Oi let N^{S^i) denote the e- neighbor hood in M of the sing ularity set Si^ of Tr^, i = 1,2. We 
say dj^{Ti,T2) < e if the maps are close away from their singularity sets in the following sense: For 

(CI) diT,-\x),T,-\x))<e; 



(C2) 
(C3) 



J^,Tj{x) 
JwTi{x) ^ 



JwTj{x) 



< e, i,j = 1,2; 
< e, for any W £ W*, i,j = 1, 2, and x £W; 



^While C^iW) may not contain all of &{W), it does contain C^'(W) for all p' > p. 

^The restrictions on the constants are placed according to the dynamical properties of T. For example, p < 1/3 due to the 
distortion bounds in (H4), while a < 1 — <;o so that Lemma l3.2f dl can be applied with q — 1 — a > <;o- 

^As a measure, h £ C^{M) is identified with hd^ according to our earlier convention. As a consequence, Lebesgue measure 
dm = (cos is not automatically included in B since (cos;^)^^ ^ C^{AI). We will prove in Lemma 13.51 that in fact, 
m G B (and Bw)- 
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(C4) \\DT^^{x)v - DT2^{x)v\\ < ^/e, for any unit vector v £ TxW, W G W. 

3.5. Preliminary estimates. Before proving the Lasota-Yorke inequalities, we show how (H1)-(H5) 
imply several other uniform properties for our class of maps J-. In particular, we will be interested in 
iterating the one-step expansion relations given by (H3). We recall the estimates we need from 
Section 3.2]. 

Let T £ and W G W"*. Let Vi denote the maximal connected components of T~^W after cutting 
due to singularities and the boundaries of the homogeneity strips. To ensure that each component of 
T~^W is in W*, we subdivide any of the long pieces Vi whose length is > 6o, where 6o is chosen in (IS.lOp . 
This process is then iterated so that given W G , we construct the components of T~^W , which we 
call the rfi^ generation Gn(W), inductively as follows. Let Qq[W) = {W} and suppose we have defined 
Qn-i{W) C W*. First, for any W' G Gn-i{W), we partition T~^W' into at most countably many pieces 
W' so that T is smooth on each and each W- is a homogeneous stable curve. If any have length 
greater than 5o, we subdivide those pieces into pieces of length between 6o/2 and 5o. We define C/„(VF) to 
be the collection of all pieces Wp C T^'^W obtained in this way. Note that each Wl" is in W"* by (H2). 

At each iterate of T~^, typical curves in Qj^iW) grow in size, but there exist a portion of curves which 
are trapped in tiny homogeneity strips and in the infinite horizon case, stay too close to the infinite horizon 
points. In Lemma 13.21 we make precise the sense in which the proportion of curves that never grow to a 
fixed length decays exponentially fast. 

For G >V^ n > 0, and < fc < n, let Qk{W) = {W^} denote the k^"^ generation pieces in T . 
Let Bk{W) = {i:\W^\< 5o/3} and Lk{W) = {i : \Wl^\ > 5o/3} denote the index of the short and long 
elements of Qi.{W), respectively. We consider {Qk}k=o ^ ^ ^^^^ with W as its root and Gk as the k^^ level. 

At level n, we group the pieces as follows. Let G QniW) and let G Lk{W) denote the most 
recent long "ancestor" of Wj", i.e. k = max{0 < £ < n : T"~^(IVj") C Wj and j G Li}. If no such ancestor 
exists, set k = and = W. Note that if W^^ is long, then Wj' = VF"^. Let 

In{Wj) = {i : Wj G LkiW) is the most recent long ancestor of G GniW)}. 

The set XniW) represents those curves VF" that belong to short pieces in Qj^iW) at each time step 1 < A; < n, 
i.e. such Wj" are never part of a piece that has grown to length > (5o/3. 
We collect the results of [DZl Section 3.2] in the following lemma. 

Lemma 3.2. /^DZ] ) Lei W G W^ T G J" and for n > 0, let Xn{W) and Qn{W) he defined as above. There 
exist constants Ci, C2, C3 > 0, independent of W and T , such that for any n > 0, 

(a) ^ \Jwi'-T'^\c°{wi') < C'l^*; 
iex„(Ty) 

(b) ^ \Jwj'T'^\c^\wi') < C2; 

(c) for any Q <<;<!, J2 1^ iJwrT'^lcOiwr) < ^1''; 

(d) fore, > ^ \'^wr'^'^\'c'^ {W") — ^3' '"^^^'"6 ^3 depends on 

Proof. The proofs of these items are combinatorial and require no more specific information about the 
maps than the uniform properties given by (H2), (H3) and (H4). 

(a) This is Lemma 3.1 of [DZ]. The constant Ci depends only on the constant relating the Euclidean norm 
II • II to the adapted norm || • ||*. As such, Ci is independent ofT £ W £ and n G N. 

(b) This statement is |DZl Lemma 3.2]. The constant C2 = C2{So,9^,,Ci,Cd). 

(c) This is [DZl Lemma 3.3]. It follows from (b) by an application of Jensen's inequality. 

(d) This follows from (j3.7p and is proved in \DZ\ Lemma 3.4]. The constant C3 = 6q^C^{1 + C^)^^ is 
uniform for T £ F, but depends on □ 
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Next we prove a distortion bound for the stable Jacobian of T along different stable curves in the 
following context. Let G VV"* and suppose there exist C T^'^W'^ , k = 1,2, such that for 

< i < n, 

(i) T^U^ g and the curves T'C/^ and T'C/^ lie in the same homogeneity strip; 

(ii) and U"^ can be put into a 1-1 correspondence by a smooth foliation {'^x}xi^u^ of curves G VV" 
such that {T^'^x} C W" creates a 1-1 correspondence between T'^U^ and T^U'^; 

(iii) |r*7^| < 2max{|T*[/i|, |T^f72|}, for all x £ UK 

Let JjjkT"' denote the stable Jacobian of along the curve U'' with respect to arclength. 

Lemma 3.3. In the setting above, for x £ , define x* S 7^; H C/^. There exists Cq > 0, independent of 
T £ T, W and n>0 such that 

(a) dw^{U\U^) < CoA-''dw^{W\W^); 



(b) 



1 



J[;2T"(X*) 

where 9(T'^x,T"^x*) is the angle formed by the tangent lines ofT^U^ and T"U2 at T"x and T^x* , respec- 
tively. 

Proof, (a) This is essentially a graph transform argument adapted for this class of maps satisfying (HI). 
What we need to show here is that we do not need to cut curves lying in homogeneity strips any further 
in order to get the required contraction and control on distortion. 

First notice that due to the uniform expansion of 7^ under T" given by (|3.2p of (HI), we have \^x\ < 
CeCt^y~^dy^siW^ , W"^), where Ct is a constant depending only on the minimum angle between C"(x) and 
C^{x) and between C^{x) and the horizontal direction. Again by the transversality of "yx with and C/^, 
the r-intervals on which the functions (pjji, 93[/2 describing the curves C/^, C/^ are defined can differ by no 
more than Ce.C'^hr'^dY^aiW^ , W'^). Letting / denote the intersection of intervals on which both functions 
are defined and recalling the definition of dy\;s[-, •) from Section [3131 it remains to estimate — Vc/^lc^(/)" 

By the same observation as above, we have \(pui — ^uAc^{i) ^ CiCe^'^dwiW^ ■, W^). In order to show 
that the slopes of these curves also contract exponentially, we make the usual graph transform argument 
using charts in the adapted norm || • ||^, from (H3). 

Fix X (zU^ and define charts along the orbit of x so that xi := T*x, < i < n, corresponds to the origin 
in each chart with the stable direction at Xi given by the horizontal axis and the unstable direction by the 
vertical axis in the charts. Let < 1 denote the maximum absolute value of slopes of stable curves in the 
chart. Due to property (iii) before the statement of the lemma, we may choose the size of the charts to 
have stable and unstable diameters < C|T*f71| for each i, for some uniform constant C. The dynamics 
induced by on these charts is defined by 

Tx^ = Xxl^ oT-^o Xx, 

where Xxi are smooth maps with IXxJc^; IXa^/lc^ ^ C for some uniform constant C. 

Note that DT^^ and D^T~^ satisfy (HI) with possibly larger Ca and Ce = 1. In the chart coordinates, 
since ^^"'^(O) = 0, we have 

f-^{s,t) = {A^s + ai{s,t),B^t + I3^is,t)) 

where Ai is the expansion at Xj in the stable direction and Bi is the contraction at Xi in the unstable 
direction given by DT~^{0). The nonlinear functions ai,/3i satisfy 0^(0,0) = /3i(0, 0) = and their 
Lipschitz constants are bounded by the maximum of 

(3.14) \\Df-^{u)-Df-^{v)\\ < \\D^fxSz)\\\\u-v\\ 

where u, v, z range over the chart at x,. 

We fix i and let ipi, (p2 denote two Lipschitz functions whose graphs lie in the stable cone of the chart at 
Xi and satisfy ipj{0) = 0, j = 1, 2. Define L{Lpi,ip2) = sup^_^o 1^2l(£>zpM. Let ip[ = T;"Vi and = f~^ip2 
denote the graphs of the images of these two curves in the chart at Xj_i. We wish to estimate L[ip'^, (p^)- 
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For s on the horizontal axis in the chart at Xi, we write, 

\(p[{AiS+ai{s,ipi{s))) - ip'2iAiS + ai{s,ipi{s)))\ < \(p[iAiS + ai{s,ipi{s))) - (p'2{AiS + ai{s,ip2is)))\ 
+ \ip2{AiS + ai{s, ip2{s))) - •^2iAiS + Qj(s, 93i(s)))| 

< \Bi\\ipi{s) - 922(5)1 + \/3i{s,ipi{s)) - f3i{s,ip2{s))\ + ^\ai{s,ipi{s)) - ai{s,(p2is))\ 

< i\Bi\ + Lip(ft) + i?Lip(a,))|(/^i(s) - ip2is)\ 

On the other hand, by p.3p . 

\AiS + ai{s,ipi{s))\ > (l^il -Lip(ai)(l + i?))|s|. 
Putting these together, we see that, 

3.15 L v9i,v92 <sup ^ — m J- ( I q\ L{'Pi^f2)- 

s^o {\Ai\ - Lip{ai){l + 'd))\s\ \Ai\ - L\p{ai){l + '&) 

Suppose that hes in the homogeneity strip and hes on a curve with index n according to the 
index given by (HI). Then by (I3.14p and (13. 3p and (13. 4p of (HI), the Lipshitz constants of Oi and /3j are 
bounded by C~^v?k^ {C~^n~^k~^) = C~'^nk since the size of the chart is taken to be on the order of the 
length of the curve T*f7^ by property (iii) of the matching. Thus, 

w / /X A-^ + C-^nk(l + 1^) ^, , 4C7-3 , 
Lauk^ — La nk[l + v) k 

for large /c, which can be made smaller than A~^. Note that since k > Cgn^o by (HI), this bound is also 
small for large n. Thus we may choose A'o, Kq > such that the contraction is less than on all curves 
with index n > Nq or landing in homogeneity strip H^, k > Kq. On the remainder of M, the first and 
second derivatives of are uniformly bounded by constants depending on Nq and Kq. For curves in this 
part of M, we choose Sq, the maximum length of stable curves in W'^, sufficiently small that the distortion 
given by (j3.14p is less than ^(A^^/^ — A^^). Then by (|3.15p . since < 1, the contraction on these pieces 
is less than A~^ as well. 

If If I and If 2 do not pass through the origin, the exponential contraction in the norm coupled with 
the above argument yields the required contraction. 

(b) It is equivalent to estimate the ratio log j^„^Jp-n^'j'n^*-j ■ We write 

(3.16) log '^^''^J'^T'^l < y ^\Jt^uJ^\T^^) - JT.u,T-\rx*)\ 

where Ai = min{ J-r»^^r'i(r'x), JTrUiT'^iT'-x*)] . 

We estimate the differences one term at a time and assume without loss of generality that the minimum 
for Ai is attained at T'x. Set Let ui{xi) denote the unit tangent vector to T*C/^ at 

Xi and notice that Jrptu_^T~^ (xi) = \\DT^^{xi)ui\\. Define ^2(2;*) similarly. Then 



\DT-'^{xi)ui\\ - \\DT-^{x*i)u2\\ I < I \\DT-^{xi)ui\\ - \\DT-^\ 



Xi U2\ 



+ I \\DT-\xi)u2\\ - \\DT-\x*)u2\\ I 
< \\DT-\x^)\\ \\ui - U2\\ + \\D^T-\z^)\\d{xi,x*), 

where Zi is some point on T'^jx- 

Suppose T~^Xi lies in the homogeneity strip and Xi lies on some curve Wn according to the index 
given in (HI). Then ||L'T^^(xj)||/||DT~^(xi)u|| < C where C is some uniform constant for all unit vectors 
u G C*(xj). Also by (HI), we have \T^U^\ < Ca/nk^, j = 1, 2, so that by property (iii) before the statement 
of the lemma, d{xi,x*) < 2Ca/{nk^). Thus 

\\D^T-^z,)\\d{x,,x*) ^ {Can^k^){2Ca/{nk')) ^ 2Cg ^^^3^. ^l/3 
\\DT-^{xi)ui\\ - Ca^nk^ - k - « ^ * 1' 
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Using these estimates in (j3.16p . we have 

^°st?7^^WT ^ c^E ll^i(^.) - M<)\\+dix.-i,xU)'/\ 

Now \\ui{xi) - U2{x*)\\ < 9{xi,x*) < CqK'~'"-9{T'^x,T'"'x*) by part (a) of the lemma together with the 
fact that curves in have C"^ norm uniformly bounded above. Finally, by (HI), d{xi^i,x*_i) < 
CeA.''~^~^d{T^x,T^x*), which completes the proof of the lemma. □ 

3.6. Properties of the Banach spaces. We first prove that the weak and strong norms dominate 
distributional norms on M in the following sense. 

Lemma 3.4. There exists C > such that for any h £ B^,, T e T, n > and ^ E CP(r-">V'*), 

\h{n<c\h\.Moo+HPm. 

This is the analogue of Lemma 3.9 of [ DZj , but it does not follow from the argument given there since 
condition (H5) and the weakened Lasota-Yorke inequalities in Theorem [2]2] suggest that the spectral radius 
of Ct can be as much as ry > 1. It is a consequence of Lemma 13.41 that the spectral radius is in fact 1 (see 
Section HI proof of Theorem | 



Proof of Lemma \3.4\ On each = x [— 7r/2, 7r/2], we partition the set Hq into finitely many boxes 
Bj whose boundary curves are elements of and W as well as the horizontal lines ib7r/2 =p I/Zcq- We 
construct the boxes so that each Bj has diameter < 5q and is foliated by a smooth family of stable curves 
{W^^^i^Ej C W*, each of whose elements completely crosses Bj in the approximate stable direction. 

We decompose the smooth measure d^ = cos ipdm on Bj into d/i = jl{dS)d^^^ where /ig is the conditional 
measure of /i on and jX is the transverse measure on Ej. We normalize the measures so that ^^(1^^) = 
Jy^ cos If dmiY^. Since the foliation is smooth, d/j,^ = cos ipdmw^ where |p^|ci{W5) ^ ^ for some constant 
C independent of ^. Note that fi{Ej) < C(5o due to the transversality of curves in and W". Next 
we choose on each homogeneity strip Mt, t > ko, a smooth foliation {W^}^£Et C whose elements all 
have endpoints lying in the two boundary curves of EIj. We again decompose /x on Hf into dfi = jl{dS)dp,^, 
^ G Et, and dfi^ = cos ipdmw^ is normalized as above. By construction, fi{Et) = 0(1). Given h G C^{M), 
i/j G CP(r-"W), since T'^M = M (mod 0), we have /i(V') = ju^^'^^^ = Im^''^^ ° T^"^ dp. We split 
M = UiMi and integrate one i at a time. 



/ £"/iV'oT-"d/x = V / C'^hijoT-"dp+ V] [ C^h^oT-^dp 

= V/ / C'hi^oT-'' p^dpwdp{0+ Y] [ [ Chil^oT-"" pi.dpwdfi{0 



We change variables and estimate the integrals on one at a time. Letting W^^ denote the components 
of Qn{W^) defined in Section [3.51 and recalling that Jw^.T"^ denotes the stable Jacobian of along the 



curve W^j^, we write. 



f C^h^oT-'' p^dpw = I hi){J ^T"")-^ Jw- T"^ P^ o T'^ cos foT'^dmw 



By ()4.6|) . we have \p^ o T^\cp{w^.) ^ C\p^\cp(Wi.) ^ C* for some uniform constant C. The disortion bounds 
given by (H4), equation (j3.8p . imply that 

(3.17) \{Jf^T'^)~'^ Jw^T^\cp(w^.) < (1 + 2Crf)|(J^T")"-'- JH/n^r"'|co(^n^). 

For W G W**, let cosWg denote the average value of costp on W. Note that there exists Cc > 0, 
depending only on ko and the uniform transversality of C^{x) with the horizontal direction, such that 
cos W < cos ip{x) < Cc cos W for all x £W. 
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Thus I COS (^oT" loo <CcCosW^. Then since | cos (^oT"(3;)— cos (^oT"'(y)| < dwiT"'x,T'^y) for x,y £ W^^, 
we have H^r„ (cos if o T") < Ce\W^\'^-P, where we have used (HI). If C Mt, then cos > c^^ ^hile 

\W^\ < C't^^ for uniform constants c, C" > 0, depending on the minimum angle between C^{x) and the 
horizontal. Thus since p < 1/3, we have | cosip o T'^\cp{w^.) — ^ cos for some uniform constant C. 
Gathering these estimates together, we have 

(3.18) / C^'hipoT'^p^df.w < C|/iU(|V'|oo +i^^(V'))cos(T^^) V|(J^T")-iJwn r"|co(wn,), 

where C is uniform in T and n. We group the pieces G ^n(W^g) according to most recent long ancestor 
£ Qk^^ as described in Section Then splitting up the Jacobians according to times k and n — k 
and using (H5), we have 

y^|(J^r")~Vvv-;.T"|co(vi/f,) < X] ^^\^WlT'^\c'^^yvl^) 

U 1 u i 

(3.19) \{Jt^T^)~^J^iT\o^wl^) Tf~^\JwiT''~%oiwi;) 



fe=ijeLfc(vi/^) 

where we have used Lemma 13.2( a) on each of the terms involving In{W^j) from time k to time n. 
For each k, since \ > So/3, we have by bounded distortion (H4), 



Putting this estimate together with p.lSp and ()3.19p and bringing cos into the integral. 



fc=l 

for some uniform constant C. Thus 



Ch^oT-'^dm 

Me 



<C\hU\i^\^+Him(Y. I ^osW^(i{di)+ I cosT^^/i(d6 

n „ n „ 

j k=l ■'^1 \t\>kok=l -^Ht 

n 

j \t\>kn k=l -^^^l 



\t\>ko ; 

n 

t-^fi{Et) + ' 

3 \t\>ko 

where in the last line we have used the fact that cos W < Ct~^ for 1^ C H^. The first two sums are finite 
since there are only finitely many Ej and i^{Et) is of order 1 for each t. Since there are only finitely many 
Ml, the first two sums remain finite when we sum over i. For the third sum, we sum over ^ and use the fact 
that f]\j{JiiT'')~^ dfj, = 1 for each A; > 1. Thus the contribution from the third sum is uniformly bounded 
in n using the fact that ijO^, < 1 by (H5). □ 

Several other properties of the spaces B and Bw proved in pZj do not need to be reproved since their 
proofs remain essentially unchanged. They are as follows. 
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(i) ([DZ.. Lemma 3.7]) B contains piecewise Holder continuous functions h with exponent greater than 
2/3 provided the discontinuities of h are uniformly transverse to the stable cones C^{x). 

(ii) ( [DZl Lemma 2.1]) C is well-defined as a continuous linear operator on both B and Bw Moreover, 
there is a sequence of embeddings C'^{M) ^ B ^ B^, ^ (Cp(M))', for aU 7 > 2/3. 

(iii) ([ DZ' . Lemma 3.10]) The unit ball of {B, \\ ■ \\b) is compactly embedded in {Bw, \ ■ \w)- 

Lemma [3. 41 and items (i) and (ii) characterize the spaces B and B^ as spaces of distributions containing all 
Holder continuous and certain classes of piecewise Holder continuous functions. The last item is necessary 
in order to deduce the quasi-compactness of Ct from the Lasota-Yorke inequalities given by Theorem 12.21 
There remains one final fact to establish. As mentioned earlier, since we identify h G C^{M) with the 
measure /i/i as an element of B, a priori Lebesgue measure may not be in B. The following Lemma shows 
that Lebesgue measure is in fact in B and therefore so is hdm for any h G C^{M). 

Lemma 3.5. The function (cos(^)~^ is in B. Therefore, Lebesgue measure m = (cos 99)"^^ is also in B 
and so is hm for any h £ C^{M). Indeed, any piecewise Holder continuous function as in item (i) above 
times Lebesgue belongs to B. 

Proof. Li order to show (cos <^)~^ G B, we must show that (cos (/5)^^ can be approximated by functions h G 
C^(M) in the || • ||b norm. Since = sup^, ||/|Hfe||B, our strategy will be to show that ||(cos v3)~^|Hfe ||b < 
some uniform constant C. We can then approximate (cos(/?) ^ by in homogeneity strips of 
sufficiently high index. More precisely, given e > 0, we choose K such that CK~^I'^ < e. Then on the 
remaining strips k < K, {cosip)~^ has finite C^-norm and satisfies the assumptions of [DZl Lemma 3.7]. 
Thus we may find G C^(M) as in the proof of that lemma such that 

IKcosv?)"^ - fe\\B < sup ||(cos(/?)"^|hJ|b + sup \\{{cosip)~^ - /e)|Hj|B < 2e, 

k>K k<K 

proving that (cos(^)~^ G B. 

It remains to prove the claim ||(cos v7)"^|hJ|b < Ck^^/'^. Choose W G >V^ W C 11^, and let G C^iW) 
with < 1- Then, 



/ 



since iV'lcJ'(VK) — On H^, we have \W\ < ck~^ and | cos(p\~^ < Ck^ for some uniform constants c 

and C which depend only on the minimum angle of C^{x) with the horizontal. Then, since a < 1/6, 

(3.20) \{cos^)-\o^w)\W\'^~" < cCk^k-^+^'' < C'k-^/^. 

Taking the suprema over W C and ^/^ with IV'liy,^,!? < !> we have ||(cos v3)~^|Hfc ||s < C'k^^^"^, completing 
the estimate on the strong stable norm. 

To estimate the strong unstable norm, let £ < £0 and choose two curves in H^, W^, W"^ G W*, such that 
dw-iW^.W^) < £■ For i = 1,2, let ipi G CP{W') with \^l>i\cP(w-) < 1 and dq(V'i,V'2) < £■ 

Recalling the notation of Section [331 denote = {GiYi{r) = (r, (/j^^i (r)) : r G Iw^}^ i = 1,2 and note 
that by definition of dy^s(-,-), and can be put into one-to-one correspondence by a foliation of 
vertical line segments of length at most £, except possibly near their endpoints. Denote by C/* the single 
matched connected component of and by Vj the at most 2 unmatched components of W^. We let 
: f/^ — 7- C/^ denote the holonomy map along the vertical foliation. We estimate. 



(3.21) 



/ {cos(f) ^xl^idmw — / (cos(/?) ^^l^2dm^/ = \] / {cos(f) ^xl^idmw 

+ / {cos (p)~^ip I dmw — / {cos (p)~'^ \l^2 dmw ■ 



We first estimate over the unmatched pieces Vj. Note that \Vj\ < Ce where C depends only on the 
minimum angle of C*(x) with the vertical. Recalling that iV'ilco(W') ^ 1 using (13.20p since /3 < a, we 
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estimate 



(3.22) 



/ (cos (p) ^il^i dm\Y 



1,3 1 



To estimate the difference on tlie matcfied pieces C/*, we cliange variables to using 0, 

{cos (p)~^ 11)1 dmy/ — / {cos ip)~^ il)2 dmv/ = / {cos ip)''^il)i — [{cos Lp)~'^ip2]° Q JQ dmw 



< \U^\\{cos (p)~^'il^i — [{cos (p)~^^l^2] ° >^0|c''(!7i)- 
To estimate the norm of the test function, we spht the difference into 3 terms and use the fact that 

I (cos (^)~"'"'0i — [{cos (p)~^ ^lJ2] o J0|co((/i) < Kcosy?)""^ — (cosc^)""*" o 0|co(c/i) 

+ l(cos(^)~^|co((72)|^i - ^^2 o 0|co(C/i) + l(cosv?)"^|co([/2)|l - J0|co(c/i). 

For the first term above, note that for x £ U^, | cos ip{x) — cos (p o B(x)| < d{x, @{x)) < min{e, Ck~^} for 
some uniform constant C > 0. Thus 



(3.23) 



I (cosy?) ^{x) — {cos(p) "^0©(x)|< 



d{x,Q{x)) 



/3^-3{l-/3) 



cos 93(2;) cos o y^x) k ^ 



since /? < 1/6. To estimate the second term in (j3.23p . denote x G {/^ by x = GY/i{r) for some r S 
ly^n n I^r2 =: /. Then [il^i{x) — ■02 o Q{x)[ = IV'i ° Gy/i (r) — ip2 Giy2(^r) I < £ by definition of dq{-, •). Thus 

|(COS(/9)"^|CO(;72)|V'1 - -02 o 0|co((7i) < Ck'^^- 

Finally, we estimate the third term of (I3.23P by noting that 



11 - J0| 



^i + {p'^.r 



where we have used the fact that the derivative of Vl + i^, yf^^?) bounded by 1 for t > 0. 
Putting these 3 estimates together in (j3.23p . we estimate the norm on the matched pieces by 

{cosp)-^^idmw- [ {cosp)-^i;2dmw < [U^[C{e^k^/'^ + ek'^ + ek"^) < C'e^k-^ , 

using the fact that [U^[ < Ck^^. This, combined with (I3.22p . yields the required estimate on the strong 
unstable norm. □ 



4. Proof of Theorem 12.21 
The proof of Theorem 12.21 relies on the following proposition. 

Proposition 4.1. There exists C > 0, depending only on (H1)-(H5), such that for any T £ T , h £ B 

and n > 0, 

(4.1) \a^hu < cv''[h[^ 

(4.2) [[C^h[[s < C(0S'-")" + A-'?")r/"||/i||s + C7?%-"|/iU 

(4.3) [[C^h[[^ < C7i'^A~''^h[[u + Cv''Cl 



Proof of Theorem \2.2\ given Proposition \4-l\ Choose I > a > r/maxj^^ A A "} and choose A'^ > 
such that 

^ \[h[[, + C5^''v''[h[^ + ba''[[h[[^ + bCr^''Ci l,,.,,, 

<<T^\\h[[B + Cs,v''\h[^ 



[jr^h[[s = [[C^h[[, + b[[C^h[[^<^^^^^^ , ^.-.A^i.i , ..A^ii.ii ,^,r^^Nr^N 
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providing b is chosen sufficiently small with respect to N. This is the required inequality (j2.3p for Theo- 
rem [22] which implies the essential spectrum of Ct is less than a. Outside the disk of radius a, the spectrum 
of Ct has finitely many eigenvalues, each with finite multiplicity. This follows using the compactness of 
the unit ball of B in Bw [DZ, Lemma 3.10]. 

Despite the fact that r/ may be greater than 1, the spectral radius of Ct equals 1. To see this, suppose 
z £ C, \z\ > 1, satisfies = zh for some h £ B, h ^ 0. For ip € C^(M), Lemma 13.41 implies that, 

\hm = \z-^c^h{i^)\ = iz-'^hi^p o r")i < |zr"c|/iU(ivioo + H^ii^ o T")) — > 

n— >oo 

since Hn{ip o T") < CeA.~^'^\ip\cp{M) by (14. 6j) . Thus h = 0, contradicting the assumption on z. 

The characterization of the peripheral spectrum follows from Lemmas 5.1 and 5.2 of |DZ| . □ 

To prove Proposition 14. H we fix T G and prove the required Lasota-Yorke inequalities (I4.1|) - (l4.3p . 
It is shown in [DZ\ Section 4] that Ct is a continuous operator on both B and B^ so that it suffices to 
prove the inequalities for h G C^(M). They extend to the completions by continuity. Since these estimates 
are similar to those in |DZj . our purpose in repeating them is to show how they depend explicitly on the 
uniform constants given by (H1)-(H5) and do not require additional information. 

4.1. Estimating the weak norm. Let h £ C^(M), W and £ Cp{W) such that |^|vK,o,p < 1- For 

n > 0, we write, 

(4.4) / C^hiljdmw= V / h^^i^oT^dmw 

where Jwp-T"^ denotes the Jacobian of T" along W^. 

Using the definition of the weak norm on each W^, we estimate (|4.4|) by 



(4.5) 



/ C'^hiPdmw < Yl \hU{J^T^r^Jw;^T^\cpiwn\'l'°T"'\cnwn- 



For x,y £ W^, we use (HI) to estimate, 

|V.(T"x)-^(r"y)| dw{T-x,T-yr ^ < r \-P-UI,\ 

so that \ip o T'^\cp{w") ^ Ce\ip\cp{w) ^ Ce- We use this estimate together with (H5) and (j3.17p to bound 
(BSD by 

[ C'h^dmw < Ce(l + 2Crf)r/"|/iU Yl \M"^"yHW") < CVl^U, 

where C" = Ce(l + 2Cd)C2 and we have used Lemma ISTW b) for the last inequality. Taking the supremum 
over all W E and ip G CP{W) with |^|iyop ^ 1 yields (j4.ip expressed with uniform constants given by 
(H1)-(H5). 

4.2. Estimating the strong stable norm. Let W £ and let WJ^ denote the elements of Q^iW) as 
defined above. For ^ £ C'^{W), \i'\w,a,q < 1, define ipj^ = \W[^\~^ J-^^ni^ o T"' dm\y. Using equation (|4.4p . 
we write 

f f JwuT"" _ - f Jw^T" 



C-^h^dmw = Y h—^{^PoT^-^l^,)dmw + ^Pi h—^drnw 



To estimate the first term of (14. 7p . we first estimate o T" — V^ilc^CVF")- If ^w^'^^ denotes the Holder 
constant of V' along W , then equation (j4.6p implies 

|V;( r"a;) - V^(r "j/)| 



(4.8) < C.A--if^(^) 
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for any x,y £ W^. Since is constant on VF", we have H'^n{'4> o T" — ■i/'J < CeA.~'^"'Hyy{tp). To estimate 
the norm, note that xp^ = tp o T''^[yi) for some yi E VF". Thus for each x G W^^, 

IV o r"(x) - = IV o r"(x) - V o r"(y,)| < i7^„(v o T^)\wr\' < c,Hl{i;)K-^^. 

This estimate together with (j4.8p and the fact that |(/7|vK,a,(3 < 1) imphes 

(4.9) IV o T" - Vdc.{H//^) < CeA-^'^lVlc.CH^) < CeA-^"|T^r". 

We apply ()3.17p . (|4.9p and the definition of the strong stable norm to the first term of ()4.7p . 



/" t/ 1 1/1/ 



(4.10) ' ' ^ 



< r?"(l + 2C,)CeA-''"||/i||.^^^|JM.nr«|cO(tyn) < Qry^A-^-ll/ilU 

where C4 = (1 + 2Cd)CeCl^'^ and in the second hne we have used (H5) and Lemma 13.2( c) with q = a. 

For the second term of (j4.7p . we use the fact that |Vj| < |M^|~" since |V|iy,o,(j ^ 1- Recall the notation 
introduced before the statement of Lemma [3121 Grouping the pieces VF" G Q^iW) according to most recent 
long ancestors W!^ G Lk{W), we have 

h ' — dmw 



h dmw 



where we have split up the terms involving /c = and k >1. We estimate the terms with /c > 1 by the 
weak norm and the terms with A: = by the strong stable norm. Using again ()3.17p and (H5), 



wr\ 



In the first sum above corresponding to A; > 1, we write 



I T T^^l ^ I T rrin—k\ I 7 T^/CI 



Thus using Lemma l3.2r a) from time k to time n, 



EE E r"lco(wf) < E E l'^vy'=^^lco(w'=)l^l " E l-^vy;^^" 



-rn—k I 



^ " A: |VF^|" 

fc=iieLfc(vy) ' ' 

since |M^j^| > (^o/3. The inner sum is bounded by C\^'^ for each k by Lemma l3.2r cl while the outer sum 
is bounded by Ci/(1 — 0=,,) independently of n. 
Finally, for the sum corresponding to /c = 0, since 

I Jvi/f r"|co(iyn) < (1 + Crf)|r"VF'"||VF"|"-^ < (1 + Cd)| Jiy?^T"|co(vy^), 
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we use Jensen's inequality and Lemma I3.2r a) to estimate, 



Gathering these estimates together, we have 



(4.11) ^|Ty|- 



/ h{J^,T'')-^Jw-T''dmw 



< C5v''So"\h\y, + Ce\\h\\sv''0, 



n/in(l-o) 



where C5 = 3(1 + 2Cd)CiC^-°' /{I - 9^) and Ce = (1 + 2CdyCi. Putting together ([TO]) and proves 



with C" = max{C4, C5, Ce}, a uniform constant depending only on (H1)-(H5). 

4.3. Estimating the strong unstable norm. Fix £ < Eq and consider two curves W^^W"^ € W with 
dy\;s{W^ ,W'^) < e. For n > 1, we describe how to partition T~'"'W^ into "matched" pieces Uj and 
"unmatched" pieces V^, £ = 1, 2. In the what follows, we use Ct to denote a transversality constant which 
depends only on the minimum angle between various transverse directions: the minimum angle between 
C'^{x) and C"(x), between and C*(x), and between C^(x) and the vertical and horizontal directions. 

Let a; be a connected component of \ S'E^ such that T~'"u} G Gn{W). To each point x G T~'"'uj, we 
associate a smooth curve G VV" of length at most CtCe^~^£ such that its image T'^jx, if not cut by a 
singularity or the boundary of a homogeneity strip, will have length Ct£. By (H2), T^^x £ VV" for each 
i > 0. 

Doing this for each connected component of \ ST.n, we subdivide into a countable collection 

of subintervals of points for which T'^jx intersects \ S'L^ and subintervals for which this is not the case. 
This in turn induces a corresponding partition on W"^ \ 

We denote by the pieces in T~^W^ which are not matched up by this process and note that the 
images T^V^ occur either at the endpoints of or because the curve 7^ has been cut by a singularity. 
In both cases, the length of the curves T^V^ can be at most Ct£ due to the uniform transversality of 
with C%x) and of C%x) with C"(a;). 

In the remaining pieces the foliation {T^'yx}xe:T-"W^ provides a one to one correspondence between 
points in and W^. We partition these pieces in such a way that the lengths of their images under T"' 
are less than 60 for each < i < n and the pieces are pairwise matched by the foliation {7a;}- We call these 
matched pieces and note that T'U^ G Qn-iiW-) for each i = 0, 1, . . . n. For convenience, we further 
trim the C/f to pieces C/f so that U] and U'j are both defined on the same arclength interval I,-. The at 
most two components of T'"'{Uj \ Uj) have length less than Ct£ due to the uniform transversality of C''^{x) 
with the vertical direction. We attach these trimmed pieces to the adjacent or as appropriate so as 
not to create any additional components in the partition. 

We further relabel any pieces Uj as Vj and consider them unmatched if for some i, < i < n, \T'^jx\ > 
2\T'^Uj\. i.e. we only consider pieces matched if at each intermediate step, the distance between them is at 
most of the same order as their length. We do this in order to be able to apply Lemma 13.31 to the matched 
pieces. Notice that since the distance between the curves at each intermediate step is at most CtCe£ and 
due to the uniform contraction of stable curves going forward, we have < CtC^E for all such pieces 

considered unmatched by this last criterion. 

In this way we write = {UjT^Uj) U (UfcT'^V^). Note that the images T"V^ of the unmatched pieces 
must have length < Cy£ for some uniform constant while the images of the matched pieces Uj may be 
long or short. 
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Recalling the notation of Section 13. 3^ we have arranged a pairing of the pieces Uj with the following 
property: 



(4.12) 



If U} = Gui{Ij) = {{r,ipu^{r)):reIj}, 
then Uf = Gu2{Ij) = {{r,<fjj2{r)) : r G Ij], 



so that the point x = (r, i^rji (r)) G U} can associated with the point x = (r, (/3fr2(r)) G U"^ by the vertical 
line {(t', s)}5g[_^/2,7r/2]! for each r G /j. In addition, the satisfy the assumptions of Lemma 13. 3[ 

Given on with |V'£lvK'^,o,p — ^ ^^^(V'l) ^^2) < with the above construction we must estimate 



C^hipidmw — I C"'hip2d'm\y 



E 



(4.13) 



Jv^ 

[ /i(j.r")"Vf;ir>ior"dmvK- I /i(J„r")-Vr;2r"V'2or"dmH/ 



We do the estimate over the unmatched pieces first using the strong stable norm. Note that by (j4.6p . 
\Tp£ o 7'"lc9(v^<) ^ C'e|V'£lcp(VK'^) — ^e- We estimate as in Section [121 using the fact that \T"-V^\ < C^e, as 
noted above, 

Y,\ I h{J,rr^Jy,T^i;,oT^dmw\ < CeY,\\h\\s\Vi^n{J,T^r'JviT^\c.iv^,k) 

i,k -^^k i,k 

(4.14) < Ceil + 2Cdmh\U iV^nJv^T^lco^yi) 



i,k 



n 
3 ) 



with C = Ce(l + 2Crf) C", where we have applied Lemma l3.2l fd) with <; = 1 — a > % since there are at 



most two corresponding to each element W['"' G Gn{W^) as defined in Section [23] and l^y^^^lcofv*) — 



I J^^«,nT"|^o(ty'^.") whenever C 
Next, we must estimate 



£,n 



E 



dniw 



We fix j and estimate the diff'erence. Define 



cf>j = {{J^T^y'j^.T^ ^1 o T") o Gui o G-\ 



The function (jij is well-defined on U'j and we can write, 



(4.15) 



Juj ' Juf ' 

[ /i(j^r")-V^ir"^ior"- / h^j + [ /i(,/.,- - (j^r")-ijj,2r"V2 or 



We estimate the first term on the right hand side of (|4.15p using the strong unstable norm. Using (H5), 
(I3TT11 and gSD, 



(4.16) 



|(J^r")-V^ir'^ • ^1 o T"|cp(c/i) < Ce(l + 2CdmJjj}T^\c,(u} 
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Notice that 



(4.17) 



\Gijl O G,}\nl(Tj2^ < sup 



ll + idipjji/drf 
^ , ' = < VI 



where F is the maximum slope of curves in given by (H2). Using this, we estimate as in (j4.16p . 

l'^ilcp(c/2) < CgCeil + 2Cd)r]"-\JujT'^\co{uj)- 
By the definition of (pj and dg{-,-), 



dg((j.r")-V^ir-Vior" 



(j^T-)-Vc;ir>ior- 



O GttI 



oGr 



0. 



By Lemma [3.3f a). we have dy^s(^Uj, Uj) < GoA~'^e =: ei. In view of (j4.16p and following, we renormalize 
the test functions by Rj = Cyry"! J(yiT"'|^o((7i) where Gj = GgGe{l + 2Gd)- Then we apply the definition of 
the strong unstable norm with ei in place of e. Thus, 



(4.18) 



' Jv 



h(j)j 



lco(c/i) 



where the sum is < G2 by Lemma I3.2f b) since there is at most one matched piece Uj corresponding to 
each element W^'^ G Q^iW^) and \ Ju^T'^\cO(u'^) < l<^vi/.^'"'^"lco(iy.^'") whenever Uj C W^'^. 
It remains to estimate the second term in (j4.15p using the strong stable norm. 



(4.19) 



/ M</.,-(j^r")-V^2r>2or") 

Ju? ' 



< 



2\a 



(j^r")-Vf,2r>2or^ 



In order to estimate the C^-norm of the function in ()4.19p . we split it up into two differences. Since 
IGj/^l^i < Gg and < 1, £ = 1,2, we write 



< 



< 



-{iJ,T^)-'Ju2Tn-i^2oT\, 

((j,,r")-ij^ir")-VioH oG, 



(( j,,r")- Vf,2r-) • o T" 



cHij) 



((J^r")-i J^iT") o G^i ^1 o o G^i - o o Gu2 



(4.20) 



+ 



((J^T")- V^iT") o Gui - {{Jf^T^r'Ju^T^) o Gu2 ^2 o T" o G, 



< Gg{l + 2Gd)|(J^T") J(7|T"|co(f/i) 



^1 O T" O Grjl - ^^2 o O G 



C9{7j) 



((J^T")- V^.T") o G^i - (( J^T")- V^^T") o G 



To bound the two differences above, we need the following lemma. 

Lemma 4.2. There exist constants Gs,Gg > 0, depending only on (H1)-(H5), such that, 

(a) |((J^r")-ijf,ir") o G^i - (J.rT'Jufn ° Gujl^n^) < G,\{J,T-)-\Juf''\c.(u^)e^'^~'-^ 

(b) iVi o T" o Gf,i - V2 o T" o G^2|c.(/, ,) < CgeP-'?. ' 



We postpone the proof of the lemma to Section 14.3.11 and show how this completes the estimate on the 
strong unstable norm. Note that using (j4.24p . we may replace | J(yir"|^o([/i) by G| J[;iT"'|^o([/i) where it 
appears in our estimates for some uniform constant G. Starting from (|4.19p . we apply Lemma [4.2l to (j4.20p 
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to obtain, 

V I [ h{<P, - (J^T")- Vc;2r>2 o T") dmw 
, ' Ju? ^ 



(4.21) ' 

j j 

for some uniform constant C where again the sum is finite as in (j4.18p . This completes the estimate on 
the second term in ()4.15p . Now we use this bound, together with (j4.14p and (j4.18p to estimate ()4.13p 



C"'h'ipidmw — / C"' h 'tp2 dmw 



where again C depends only on (H1)-(H5) through the estimates above. Since p — q > /3 and q > /3, we 
divide through by and take the appropriate suprema to complete the proof of ()4.3p . 



4.3.1. Proof of Lemma \4-^ First we prove the following general fact and then use it to prove Lemma |4.2[ 

Lemma 4.3. Let {N,d) be a metric space and let < r < s < 1. Suppose gi,g2 G C^{N,M) satisfy 
\gi — g2\co{N) ^ -Die* for some constant Di > 0. Then \gi — g2\c'-{N) ^ 3e^~^' inax{Di, H'^ (gi) + H^{g2)}, 
where H^{-) denotes the Holder constant with exponent s on N . 

Proof. Since | • \c^[n) = I ' \c°{n) + H^i')^ must estimate H^{gi — (72)- Let x,y £ N. Then on the one 
hand, since l^fi — 52! < Die^ , we have 

ligijx) - g2ix)) - jgiiy) - g2iy)\ ^ \-r 

— < 2Die d(x,y) 

d{x,yy 

On the other hand, using the fact that 51,92 £ C*(A^), we have 

These two estimates together imply that the Holder constant of gi — 52 is bounded by 
H'-igi - g2) < sup min{2Z^ie''d(x, {H'{g^) + W{g2))d{x, y)*"^}. 

x,y<^N 

This expression is maximized when 2Die^d{x,y)~^ = {H^{gi) + H^{g2))d{x,yY~'^ , i.e., when d{x,y) = 
^ ( _g^(gi^+jj's(g2) ) ■ '^^^s Holder constant of gi — g2 satisfies, 

H"-{gi - 52) < e'-''\2D^Y-i{H'{g^) + ^^(52))- 

□ 

Proof of Lemma \4-^ a)- Throughout the proof, for ease of notation we write for {J^T'^)~^ J^iT"" . 

For any r £ Ij, x = Gjji{r) and x = Gjj2{r) lie on a common vertical segment. By the construction at 
the beginning of Section [4.31 Uj, U'j lie in two homogeneous stable curves and C/? which are connected 
by the foliation {'^x}- Thus x* := H C/J is uniquely defined for all x G U^. Then T"'(x) and T"(x*) 
lie on the element T^^x £ VV" which intersects and W'^ and has length at most Cje. By (|3.9p and 
Lemma [3.3r b). 

where 6(T^x,T'^x*) is the angle between the tangent line to at T^x and the tangent line to W'^ at 
T^x* . Let y G W'^ be the unique point in W"^ which lies on the same vertical segment as T"x. Since by 
assumption dy^s{W^ ^W"^) < e, we have 6(T^x,y) < e. Due to the uniform transversality of curves in W" 
and and the fact that W'^ is the graph of a function with norm bounded by B from (H2), we 
have 6l(y,T"x*) < BQe and so 6l(T"x,r"x*) < (1 + BCt)e. Thus 



(4.22) I Jr(x) - J2"(x*)| < CdCoiQ + 1 + BCt)e^l^\J, 



2 lc"(c/2)- 
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Also, by (fSTHl) . since x* and x are both on we have |J|'(x*) - < Cj\J2\co(u'^)dw{x* ,x)^^^ . 

Putting this together with ()4.22p and using the fact that d]y{x*,x) < Ct£ by the transversahty of with 
W yields, 

(4.23) I Jr(x) - J^{x)\ < C'e'/^\J^\co(^uf)^ 

where C = CdCo{2Ct + 1 + BCt). 

Now using the fact that \Gui\ci(i-) < Cg from ()4.17p . we apply Lemma IT3l with Di = Ci| J2 |co(c/2) and 

g^ = oGu,,i = 1, 2. By g23]), we have 

(4.24) \Ji\c^iu]) < (1 + C'^'/')l'/2 lco([/|), 

and invoking p.Sp . we complete the proof of (a). □ 

Proof of (h). Let 99^;i/< be the function whose graph is W^, defined for r G Iw^i ^^i*^ set := G^ioT'"'oGjjt, 
k = 1,2. Notice that since |G^\|ci < 1 and ICf/^Ici < Cg, and due to the uniform contraction along 
stable curves, we have Lip{fj) < Cf, where Cf is independent of W^, T and j. We may assume that 
fj{Ij) C Iw^ n since if not, by the transversahty of C"(x) and C"*(x), we must be in a neighborhood 
of one of the endpoints of of length at most Cts; such short pieces may be estimated as in (|4.14p using 
the strong stable norm. Thus 

liJl o T" o G^i - -02 o o G^2|c9(/,) < IV"! o Gwi o fj -11^2° 0^2 o fl\ci{IA 

(4.25) ' J ' ^' J y jj 

+ 1^2 o Giy2 o /j - ^2 o Gw2 o fj\ci{l^)- 

Using the above observation about fj, we estimate the first term of (j4.25p by 

(4.26) 14^1 o Gy^n o fj - 4)2 Gw2 o fj\ci{ij) < C filial o Giyi - '(/'2 o Giy2 (/^,)) < C/e, 

since (ig(V'i,V'2) < £• To estimate the second term of (|4.25p . notice that since Uj and Uj are joined by 
the transverse foliation {7a;} C W" and using the uniform contraction along stable curves under T", we 
have \ fj — fj\co{ij) < for a constant C depending only on the uniform hyperbolicity of (HI) and the 
uniform transversahty conditions in (H2). Thus for r €z Ij, 

(4.27) 14^2 o Gw2 o fj{r) - i,2 o o /|(r)| < Gg\4^2\cAf}{r) - fj{r)\P < GgC\i,2\cve^ ■ 
Now we again apply Lemma 14.31 to obtain 

IV'2 o G^2 o fj -lp2 Gw2 o fj\ci{Ij) < G\lp2\cp£^~'^, 

for a uniform constant C. This estimate combined with (|4.26p proves part (b) since |V'2|cp(H/2) < 1- D 

5. Proof of Theorem 12.31 

Fix e < Sq and suppose Ti,T2 S -F with djr{Ti,T2) < e. We denote by 5i„ the singularity sets for T^, 
^ = 1,2. Let /i e C^(M), < 1, and W G W. Let V e CP(VF) with IV'Ih/Ap < 1- We must estimate 



(5.1) 



{Cih — C2h)ip dniw = / Cih^J draw — / C2h'ip dmw 
w Jw Jw 



/ hip oTi{Jf^Ti) ^ Jj.~iy^T dmw - / hi) oT2{J^T2) ^Jj,-i^T2dmw 



Notice that the estimate required is similar to that done in Section [4.3) except that instead of two close 
stable curves iterated under the same map, we have one stable curve iterated under two different maps. 

We partition T^^W and T2^W into matched and unmatched pieces as in the beginning of Section [4.31 
Let Gi{W), £ = 1,2, denote the elements of T^^W as described in Section [331 Let oj G Q\{W). Due to 
(CI), to each point x E cj, we associate a curve £ of length at most Gt£ which terminates on a 
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piece of r2 that hes in the same homogeneity strip, if one exists. We also require that ■jx is not cut by 

We denote by those components of Tf^W not matched by this process. We also include in the set of 
all images of connected components of W D Ns{S}_i US^i) under Tf^. Note that the T^V/ occur either 
at the endpoints of W or near a singularity or the boundary of Ni;{S}^i U In all cases, the length of 

the curves T^V^ can be at most CtCf,£ due to the uniform transversality of Si^^ with and of with 
C". 

In the remaining pieces the foliation {7x1 provides a one-to-one correspondence between points in T^'^W 
and T2^W. We further partition these pieces in such a way that their lengths are between 6o/2 and 60 and 
the pieces are pairwise matched by the foliation {7^}. We call these matched pieces Uj. As in Section [4. 3( 
we trim the C/f to pieces f/f so that U} and Uf are defined on the same arclength interval The at most 
two components of Ti^Uj \ Uj) have length at most CtCeA~^e. We adjoin these trimmed pieces to the 
adjacent Uf or as appropriate so as not to create more pieces in the partition of T^'^W. 

In this way, we write T^^W = (UjUj) U (UkV^) and note that the images TiV^ have length at most C„e 
for some uniform constant Cy, £ = 1,2. 

Now using ()5.ip . we have 



(£1/1 — C2h)ip dm 



(5.2) 



w 



hip oTi{Jfj,Te) ^JyeTidmw 

+ 'S^ I hipoTi{J^Tiy^JjjiTidmw- / hip oT2{J^T2)''^J^2T2dmw■ 
^ Juj ^ Juf 

we have {i/j 



We estimate the integral on short pieces first using the strong stable norm. By 
'^i\ci{V^) — ^e\ip\cp{w) ^ C'g. Following the estimate in (j4.14p . we have 



(5.3) 



e,k 



-1 



JyeTi ip oTi dm 



i,k 



The sum is finite by (13. 7p of (H3) with q = 1 — a since there are at most two corresponding to each 
element W^'^ G Q^{W) as defined in Section [531 and \ JyiT(\QO(yi^ < iJiytATil^Q^^i,!-^ whenever Vj C W^'^. 

The constant C above depends only on properties (H1)-(H5), but for brevity we do not write out the 
explicit dependence since these estimates are similar to those done in Section [4.31 and the constants are the 
same. 

Next, we must estimate 



E 

j 



/ h{J^Ti) ^ J^iTi Tp o Ti dmw - / h{J^T2) ^ J1J2T2 ip o T2 dmw 



Using notation analogous to (j4.12p . we fix j and estimate the difference. Define 
The function 



{{J^TiY^J^.Ti ^ o Ti) o G^i o 

] 3 



(5.4) 



hj is well-defined on C/J and we can write, 
/ h{J,,Ti)-^Ju.Tiil,oTi- f h{J^T2)-^Jjj2T2iJoT2 

Ju} 



1) V^iTi^oTi 



h<i)j 


+ 


X 






J 



h{(t),-{J^T2)-'Ju2T2^0T2) 



To estimate the two terms above, we need the following adaptation of Lemma 14.21 
Lemma 5.1. There exists C > 0, independent of W £ VV"* and Ti, T2 € T, such that for each j, 
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(a) d^^sim,Uf)<Ce^/' ; 



(b) \iiJ,T,)-'JuiT,) o G^, - {{J^T2)-'Juf2) o G^2|c,(/,) < C\{J,T2)-'Ju2T2\coiu'ff 

(c) I V o Ti o Gui- 1P0T20 |c,(/^.) < CeP-1 . 



1/3-9 



We estimate the first term in equation (j5.4p using the strong unstable norm. The estimates p.l7p and 
]6]) and property (H5) imply that 



(5.5) 



Similarly, since by (|4.17|) . \Gjji o G Jqi < Cg, we have 
of and dq{-, •), 

dq{{J^Tiy'^ JjjiTiip o Ti, -- 



. By the definition 



{J^Ti)-\JuiTi^oTi 



G 



0. 



In view of (|5.5p and following, we renormalize the test functions by Rj = ?7CgCe| J(/iTi|^o(f/i). Then we 
apply the definition of the strong unstable norm using Lemma l5.ir a) to obtain, 



(5.6) 



E 



<Ge^/^h\\^^\J^.T, 



CO{Uj)^ 



where the sum is < C2 by Lemma I3.2r b) since there is at most one matched piece Uj corresponding to 
each curve W/ G GliW). 

We estimate the second term in (|5.4p using the strong stable norm. 



(5.7) 



/ h{cl),-{J^T2)-^Ju2T2iPoT) 



< C\\h\\s\U^ 



2\a 



{J^T2)-^Ju2T2^oT2 



In order to estimate the C-norm of the function in (|5.7p . we split it up into two differences. Following 
(j4.20p line by line, we obtain 



{Jfj.T2) ^Ju2T2 ■ Tp) o T2\c 



(5.8) 



< CI (J^T^-V^iTi 



Ip oTlO Gjjl — ip O T2 O Gt 



CI (I,) 



+ C 



{{J.T^r^Ju.T^) o - {{J,T2)-^Ju2T2) o 



Ci{Ij) 



Notice that \Ju^Ti\qo^jji-.^ < G| J^2T2|(jo((/2) by (]5.13p . Then using Lemma [5.1( b) and (c) together with 
dSS]) yields by 1^1^ 

V|/ h{^j-{J^T2)-^Ju2T2i^oT2)dmw <G||/i|UeP-'?V|Jf,2r2|com2), 

where again the sum is finite by Lemma l3.2r b). This completes the estimate on the second term in ([5 
Now we use this bound, together with ()5.3p and ()5.6p to estimate ()5.2 

(5.9) 



Cihtpdmw— / C2hipdm\Y 
w Jw 



< C\\h\\se'' + C\\h\\^e^/^ + C\\h\UsP-'^. 



Since p — q > f3 and a > /3, the theorem is proved. 
5.1. Proof of Lemma 15.11 

Proof of (a). Note that by construction Uj and Uj lie in the same homogeneity strip. Also, they are both 
defined on the same interval Ij so the length of the symmetric difference of their r-intervals is 0. Recalling 
the definition of dy\;s{Uh Uf), we see that it remains only to estimate l^prji — ^u^lc^d ) for their defining 
functions ifijk. 
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For X = {r,ipiji{r)), define x = {r,Lpjj2{r)) and x^ = T^^"^ o Ti{x). We may assume that Xg lies on JT? 

since otherwise, we would be e-close to one of the and such short curves can be estimated as in (15. 3p 
using the strong stable norm. Since x and x^ are images of the same point u ^ W under T^^ and Ti^^ 
respectively, it follows from (CI) that x and x^ are at most e apart. Then since all vectors in the stable 
cone have slope bounded away from ±00, it follows that x and x are at most Ce apart (and so by the 
triangle inequality, also x and are at most Ce apart). 

This proves that \(pui — ^u'i\co{ij) < Ce. It remains to estimate — '^'ui\-, where ip'^ji denotes the 

derivative of ^jjt with respect to r. 

j 

Let v-w{u) be the unit tangent vector to at n := T\{x) = T2(a;), as before. The tangent vector to C/^ 
is given by DT-^{u)vwiu), 1 = 1,2. By (C4), 

(5.10) \\DT{^{u)vw{u) - DT^\u)vw{u)\\ < e^^^. 

Then since \\DT-^{u)vw{u)\\ > C^^ by (HI), we have e{x,Xe) < Cee^/^ where 9{x ,Xs) is the angle 
between the tangent vectors to Uj and Uj at x and respectively. 

For y G C/f , let 4>{y) denote the angle that Grje makes with the positive r-axis at y. Then 

l^'jji (x) — f'jj2 (a;)| = I tan (p{x) — tan<f>{x)\ < [ sup sec^ 4>iz)] \ 4>{x) ~ (t'{^)\ = [ sup sec^ (t>{z)] 9{x, x). 

Since the slopes of curves in C^(j;) are uniformly bounded away from ±00, we have sec^ i;^(z) uniformly 
bounded above for any z ^ Uj. The proof of the lemma is completed by writing 9{x, x) < 9{x, x^) +0(2;£, x). 

The first term is < Ce^/^ using (j5.1Up and the second term is < Ce since x^ and x both lie on Uj and 
stable curves have a uniform bound by (H2). □ 

Proof of (h). We prove that the closeness condition (C3) implies the existence of a constant C > 0, 
independent of G W and Ti, T2 G such that 



(5.11) Uu^Ti o Gjji - JU2T2 o Gjj2\cqii ) < C\Jjj2T2\coru2-.e''/'^ ^ 

The analogous statement concerning (J^^T^)^^ follows from condition (C2). Then since 

\fl9l — f292\ci < l/llclS'l — 92\ct + 152109 1/1 — /2|C'J) 

for any functions fi, gi, f2, 92, part (b) of the lemma follows from these two estimates using the fact 
that I • |c9 < (1 + Cd) \ • \co by bounded distortion for the functions we are estimating. We proceed to prove 

dsn]). 

For any r £ Ij, we write 

I J^iTi o G^i(r) - J^2T2 o G^2(r)| < \J^iTi o G^i{r) - J^lT2 o G^i{r)\ 

/r 1 r)N J J J 3 J J 3 J 

^\Jv^T2oCy.{r)-Jjj2T2oC^2{r)\ 

3 3 3 3 

The first term above is < | Jf/iT2|cO(/^.)e by (C3). 

Recall that C/|, [/? lie inside the longer curves C/^ which are matched by the foliation {7a;} ^fn C W". 

J J J J X^LJ j 

Thus \Ju^T2\cO(^i.) < C\Ju2T2\cO{^i^) by the same argument used to prove (|4.24p . completing the estimate 
on the first term of (j5.12p . 

The second term of (j5.12p is < C e^/^\J^2T2\co(I.) using (|4.23p since it involves the Jacobian of a single 
map in T evaluated on two stable curves that are matched by a foliation of unstable curves. Thus 

(5.13) \JuiTioCu^{r)-J^2T2oGu2{r)\ < Ce^'''\Jjj2T2\cnm^y 

3 3 3 3 3 ^ 3 ' 

This implies in particular that |'/{/i7i|cO(c/i) — ^\'^u'^'^'i\c°{U'^)- Now we use (13. 8p and the fact that 
|G'[/<|ci{/j) ^ Cg to apply Lemma and complete the proof of ()5.1ip . □ 
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Proof of (c). Let x = {r,ipjj\{r)) and as above, define x = {r,ipjj2{r)) and x^ = o Ti{x). Since x and 



Xe are at most Ce apart and lie on Uf, we have dw{T2X,T2Xe) < Ce by the uniform contraction given by 



(HI). Thus, 

(5.14) \^oTioG^^{r)-^oT2oG^2{r)\ < \ij\cp^w)dw{Tix,T2x)P . 

Since dw{Tix,T2Xe) = 0, we may use the triangle inequality to conclude that the difference above is 
bounded by C|V'|cp(iy)£^- 

Again applying Lemma HTSl with |^|cp{h/) ^ 1 completes the proof of part (c). □ 

6. Proofs of Applications: Movements and Deformations of Scatterers and Random 

Perturbations 

In this section we prove Theorems 12.51 12.61 and I2.1UI and leave Theorems 12.81 and 12.91 regarding external 
forces and kicks to Section [7] since they require more background material. 

6.1. Proof of Theorem 12.51 We fix constants r=|,,/C* > and E^.. < oo and denote (r* , /C* , i?* ) as 
simply J^i for brevity. Note that every T G J^i is a billiard map corresponding to a standard Lorentz gas 
with convex scatterers so that we may recall known facts about such maps to establish (H1)-(H5) with 
constants depending only on the three quantities r*, /C* and E^. 

(HI). For X e M, define 

C'{x) = {{dr,dip) G %M : -/C^^ - t'^ < dip/dr < -/C,} 
and C7"(x) = {{dr,dip) G %M : /C* < dip/dr < + t-^]. 

Then for any T G DT^^ix) C C"(rx) and DT-^C'{u) C C'iT-^'x) whenever DT^ and DT~^ are 
defined. Moreover, (|3.2p is satisfied with A = 1 + 2K.^,t^, and 



A 



1 + (/C-^ + r" 



1^2 



(see [CMl Section 4.4]). Notice that and C" are uniformly transverse to each other and to the vertical 
and horizontal directions in M as required. 

The bounds on the first and second derivatives of T required by ()3.3p and (I3.4jl are standard for such 
maps ([CMl Section 4.4]). Here, the index n corresponds to the free flight time t{T~^x). For finite horizon, 
this has a uniform upper bound, while for infinite horizon, the relation between k and n is satisfied with 
uo = 1/4 ([CMl Section 5.10]). 

(H2). We say a curve in M is stable if its tangent vectors TxW lie in C^{x) as defined above for each 
X € W. We call a stable curve homogeneous if it is contained in a single homogeneity strip Hfc. Since each 
stable curve W has slope bounded away from infinity, we may identify W with the graph of a function of 
r, which we denote by if]y{r). 

By |CMt Proposition 4.29], we may choose B depending only on t^, /C^, and E^ such that if "^^V < B, 
then each smooth component W of T^^W satisfies ^^Y' ^ B. 

We define to be the set of all stable homogeneous curves W such that <B. The invariance of 

the family C^{x) as well as the choice of B guarantee that is invariant as required. The set of unstable 
curves W" is defined similarly. 

(H3). Following |CM1 Section 5.10], we define the adapted norm in the tangent space at x G M by 

= ^^;!l±0 ||t;||, yvec%x)uc''{x) 

V1 + V2 

where, v = {dr,dip) is a tangent vector, V = dip/dr and /C(x) is the curvature of the scatterer at x. Since 
the slopes of vectors in C'^{x) and C"(x) are bounded away from ±00, we may extend || • ||* to all of in 
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such a way that || • ||^, is uniformly equivalent to || • ||. It is straightforward to check that for v G C"(a;), 

\M\* 

Uniform expansion in C^{x) under DT~^{x) follows similarly. Now (\3.6h follows from |CMl Lemma 5.56] 
and (13. 7p follows from |DZl Sublemma 3.5] with % = 1/6. From this point forward, we consider ko to be 
fixed. 

(H4). The bounded distortion constant Cd in (13. 8p and (13. 9|) depends only on the choice of kQ from (H3) 
and the uniform hyperbolicity constants Cg and A ([CM^ Lemma 5.27]). 

(H5). For maps in J^i, DT{x) = 1 so we may take rj = 1. 

6.2. Proof of Theorems 12. 6L Fix constants t^,,/C^, > and E^, < oo and consider a configuration 
Qo £ Qi (t* , /C* , £'* ) with scatterers ri,...,rrf. Choose 7 < ^ minjr*, /C*} and let Q G Tb{Qo, E^',l) 
with scatterers Fi, . . . ,1"^. Since £{Ii) = \dTi\ = \dTi\ we may take the corresponding functions Ui,Ui to 
be arclength parametrizations of dTi and dTi respectively. We denote by and u'l the first and second 
derivatives of Ui with respect to the arclength parameter r. Then the curvature of dTi is simply given by 
/C(r) = ||nf(r')|| at each point Ui{r) £ dTi, and similarly for dTi. 
Thus on dTi, we have by assumption on Q and 7, 

JC{r) = WvflW = IK + v!l - <|| > /C(r) - 7 > /C*/2. 

Also, TminiQ) > Tmin(Qo) " 7 > 'r*/2 since \\ui - Ui\\ < 7. Thus I'a{Qo,E*;7) C J"i(n/2,/C^,/2,£'*). 

Next we must show that Q G TAiQo, E*]j) represents a small perturbation in the distance djr{-, •). We 
do this by first fixing . . . , F^ and considering a deformation of Fi into Fi such that l^i — uilc^ < 7- 

Let To be the map corresponding to Qo and let Ti be the map corresponding to Q. We fix x = (r, ip) £ 
Ii X [— 7r/2, 7r/2] and compare Tq^x with T^^x. To do this, we let <I>^ and denote the flow on the tables 
Qq and Q respectively. We denote by 7ro(x) the projection of x onto the flow space x corresponding 
to Qo and by ttq and ttq the projections onto the position and angular coordinates respectively. Let to(x) 
denote the free flight time of x under $j and let /Co(-) denote the curvature of the scatterers in Qo- The 
analogous objects, vri, tt^, vr^, ti(-) and /Ci(-) are defined for the table Q. 

First suppose that Tq^x and T^^x lie on the same scatterer Tj. Notice that the trajectories ^^^{■kqx) 
and <I>i^(7rix) begin from two points in at most 7 apart and make an angle of at most 7 with one 
another. We decompose this motion into the sum of (I) two parallel trajectories starting a distance 7 apart 
and (II) two trajectories starting at the same point and making an angle 7. 

/. Parallel trajectories. It is an elementary estimate that two parallel lines a distance 7 apart will intersect 
a convex scatterer at a distance at most 

(6.1) dj2{TT'oiT^^x),TTliT{^x)) < ^^^Jk~{T~) < V37//C*, 
where dj2 denotes distance on T^. 

//. Nonparallel trajectories making an angle 7 / 0. After time t under the flow, the two trajectories will 
be at most tj apart in T^. Let r(x_i) = max{To{TQ^x),Ti{T^^x)}. Then in the case of a finite horizon 
Lorentz gas, by the same estimate as in (j6.ip . 

(6.2) dj2{Tr^Q{T^'x),Trl{T^^x)) < ^ ?,^t{x^i) /1C^^{T j) < ^37w//C,. 

In the infinite horizon case, define f = 7"^/^. If t(x_i) < f, then ()6.2p implies d^^ ("^0(^0"^^)' '''"i(-^r^^)) — 
Y^3//C*7"^/^. On the other hand, suppose tq{Tq^x) > f. Then x lies in a cell Dn such that c~^n < 
TQ{TQ^y) < cn for some c > and all y G Dn, and the width of in the stable direction is at most C /n 
(see [CHI Section 4.10]). Thus 

(6.3) dMix,S^\) < C'n-^ < C'ctq\T^^x) < C'cf'^ < C'c-i^'^. 



A FUNCTIONAL ANALYTIC APPROACH TO PERTURBATIONS OF 



THE LORENTZ GAS 



31 



An identical estimate holds if ti(T^ ^x) > f. Thus either x £ N^^i/3{S'^\ U S'^\) or 
(6.4) dj2{7r',{T^'x,7Tl{T^'x)) < ^/JJlC*!^'^- 

Concatenating these two estimates (I) and (II), we see that in terms of position coordinates, Tq'^x and 
in are of order 7^/^ in the finite horizon case and of order 7^/'^ in the infinite horizon case. Since 



■1-1 



x 



the normal direction of Tj varies smoothly with the position, we have dM{TQ^x,T^^x) of the same order. 
Similar estimates hold when starting from x G Tj and comparing images in Ti and Ti. 

In the case when T^^x and T^^x do not lie on the same scatterer Fj, we must have x G N^^ifi{S'^\US'^\) 

by the preceding arguments where C = is sufficient. We have thus shown (CI) holds with 

e = C'j^^^. Indeed, (CI) holds with e = for any < 6 < 1/3 by the same argument. 

We can consider the deformation of d scatterers as the concatenation of errors induced by deforming 
one scatterer at a time. The preceding analysis holds with C increased by a factor of d. 
Condition (C2) is trivial to check since J^Tj = 1 for i = 0,1. 



Next we prove (C4). By [CMl eq. (2.26)], DTq'^{x) = ^-^:^Ao{x), where 

COS LpyJ. Q X J 



Ao{x 
and DT^^x 

(6.5) \\DTq'^{x) - DT^'^xW < 



TO (Tg x)ICoix) + cos(p{x) 



-Ko{Tg'-x){To{T^'-x)ICo{x) + cos^{x))-ICo{x)cos<fi{Tg'-x) To{TQ'-x)JCoiTo'-x) + cos<fi(Tg'-x) 



, 1 (x), with a similar definition for A-i (x). Thus 



l^o(x)|| + 



COS ip{T^ x) 



\Aoix)-Ai{x) 



cos (p{Tq ^x) cos ip{T^ ^x) 
Note that ||^i(x)|| is bounded by a uniform constant times rj(T~^x) and 
(6.6) \\Aoix) - Ai{x)\\ < Kr{x^i){dM{To^x,T^^x)+^) 

where K depends on t^:, E^, and /C* and the 7 term is due to possible differences in the curvatures /Co and 
/Ci at the same point. Notice that if G W*, then |T~^VF| < C|W^|^/'^ in the infinite horizon case and 
\T-^W\ < C\W\^/^ in the finite horizon case. Thus for 6 < l/ko, UTr^x G Ns{So), then dM{x,sT\) < Ct6^ 
where Cj is a uniform constant depending on the transversality of C^{x) with the horizontal direction and 
of 5T\ with C'{x). 

Now choose e = 7", where a < 1/3 will be determined shortly. Suppose x ^ Nir{S'^\ U S'^\). Then by 
the above observation, cos <^{T-^x) > Ce^/^ i = 0,1, and also by ([OD, r{x_i) < Ce-^. Thus recalling 
that dM{T^^x,T^^x) < C^^/^, we estimate the first term of (|6.5p . 

1 1 Kt{T^^x) 



■7) 



\Aq{x) 



< 



cosip{T^ ^x) — cos (p{Tq ^x) 



cos (p{Tq ^x) cosip{T^ ^x) cos ip{Tq ^x)cos(f{T^ ^x 

< Ce'^dM{To'x,T^^x) < C7V/=^-2". 
To estimate the second term of (|6.5p . we use (|6.6p to estimate, 

^—rrWAoix) - A,{x)\\ < Ce-^l^l^ = C^^I^-^-l\ 

cos (p[I I X) 

Putting these estimates together, we have 

\\DTo\x) - DT^\x)\\ < C"7i/3-2a_ 

Choosing a = 2/15 establishes (C4). 

Condition (C3) follows similarly using the fact that the stable Jacobian along W G W is simply the 
norm of the tangent vector to W times DTi{x), i = 0, 1. The improved estimate in (C3) comes from the 
fact that instead of estimating (j6.7p as above, we must estimate instead 

cos ip(TQ^x) 



t(x_i) 



cos tf{T^ ^x) 
with our choice of a = 2/15. 



< Ce-^/^dMiT^'x,T{'x) < C'-f'/'-'^'^/^ = C'-f'/'' = C'e 
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If we restrict perturbations to the finite horizon case with horizons uniformly bounded by some r^ax < oo, 
then our estimates above improve by omitting a factor of and d{TQ^x, T^^x) < 6*7^/^ by (j6.2p . In this 
case, the optimal choice of 6 = 1/3. 

6.3. Proof of Theorem 12. 101 We fix a class of maps for which (H1)-(H5) hold with uniform constants 
and choose Tq G J^. Define Xj(To) = {T £ : djr{T, Tq) < e}. Recall the transfer operator C^^^g-^ associated 
with the random process drawn from ^^(To) as defined in Section [2.41 Our first lemma is a generalization 
of Theorem 12.31 which shows that the transfer operator >C(,^ g) is close to Ctq in the norms we have defined. 

Lemma 6.1. There exists C > such that if e < Sq, then \ \\C(^^^g^ — ^CtoIH < CAe^. 

Proof. Let h e C^{M), G and ^ G CP{W) with IV'lvK.o.p < 1- Then using (fOD . 

{CT^h{x) - CToh{x))Tp{x)g{uj, Tj^x) dmwdu 

w 



< / Cb~'ef/^h\Muj,-)\c^M)M^)<Cb-'Ae^^^h\ 



^{u,g)hip dmw — / Cxo^'^dmw 
W ' Jw 



where we have interchanged order of integration since /^^ £t„ (h) g{uj, •) dmw is uniformly and absolutely 
integrable for each u £ Q hy Theorem 12.21 □ 

It remains to prove the uniform Lasota-Yorke inequalities for C^^g- Let tJ„ = (a;i, . . . , a;„) G f^" and 
define Tu^ = T^^^ o • • • o T^_^ . We first prove that the random compositions Tu^ have the same properties 
(H1)-(H5) as the maps G J^, with possibly modified constants. 

The singularity sets for Tjj^ are 5n"" = U^^^Tj^^ o • • • o T'^^Sq, for n > 0, and similarly for 51;". Thus 

T— 

the transversality properties (HI) of S_'^ with respect to and C" hold due to the uniformity of this 
transversality for all maps in J^. The family W"* is preserved under since it is preserved by each map 
in the composition. 

The uniform expansion given by (|3.2p of (HI) also holds since DTj^^ = YYk^i DT^j, ° and in the 

adapted metric || • ||* given by (H3), the expansion holds with Ce = 1 for each map in the composition. 
Translating to the Euclidean norm at the last step, we get (HI) with Ce depending only on the uniform 
constant relating the adapted and Euclidean metrics. Equations (|3.3p and ()3.4p also hold trivially since 
they concern only one iterate of a map drawn from (H5) follows for the same reason. 

Due to the uniform expansion along stable and unstable leaves, (j3.8p and (|3.9p of (H4) hold with a 
possibly larger distortion constant C^, again using the bounded distortion of each map in the composition 
T- 

Finally, we establish that the iteration of the one-step expansion given in (H3) holds for random 
sequences of maps in the class J-'. As in Section [331 for W £ we define the nth generation Q!^" (W) C 
of smooth curves in T^^W. The elements of Q^^iW) are denoted by as before and long and short 
pieces are defined similarly. Analogously, I!^"{Wj') denotes the set of indices i in generation n such that 
Wj' is the most recent long ancestor of under Tu^ . Thus X^" {W) denotes the set of curves that are 
never part of a curve that has grown to length 60/ 3 at each time step 1 < k < n. 

Lemma 6.2. Let W G and for n > 0, let Ii^"{W) and Gn"{W) be defined as above. There exist 
constants Ci, C2, C3 > 0, independent ofWG and uJn € il", such that for any n >0, 

(a) ^ \Jw^Tj:}n\c<^{wp) < Ci6^; 
iexS"" (W) 

(b) ^ \JwpTjjJco(wp) < C2; 

(c) for any 0<<^<1, ^ -v^\'^'^?^^^\c'\W-) < Q 

(d) for ? > ^0; Yl \-JwpTj:jJlo(^^n) < CJ. 
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Proof, (a) Fix W G and for a;„ G O", define Zn{W) = Yliei^^^(w) I'^wpT^jJ^,, where \ Jwj^TzjJ^, denotes 
the least contraction on under T^j^ measured in the metric induced by the adapted norm. We will 
prove by induction on n G N that ZniW) < 9^. Then, since || • is equivalent to || • ||, statement (a) 
follows. 

Note that at each iterate between 1 and n, every piece W[^, i G I!^"{W), is created by genuine cuts due 
to singularities and homogeneity strips and not by any artificial subdivisions, since those are only made 
when a piece has grown to length greater than Jq. Thus we may apply the one-step expansion ()3.6p to 
conclude, 

(6.8) Zi{W)<e*, VI^gW. 

Assume that Zn(W) < 0" is proved for some n > 1 and all W G W'^. We apply it to each component 
Wl G ar(VF) such that i G I';''{W). Then Z^iWl) < 6^ since G W. 

Given ZU„ G 0", we use the notation uj'^_f. = {oJn, ■ ■ ■ ^^n-k+i) so that we may split up compositions 
ujn = {pj'n-k^'^k) into two pieces. Given a sequence cJn+i, we group the components of Wj^^^ G G'^!l\^{W) 
with i G I^^lYC^) according to elements with index in I'^^{W). More precisely, for j G I'^^iW), let 
= {i ■■ e gZTiW),T^'„W^^' C W^}. Note that \J^r.+iT^„^,U < {Jw-'^^T^'MM'^^'^* 

whenever Tjj/^VK"'*'^ C Wj. Combining this and ()6.8p with the inductive hypothesis, we get 



Zn+l(W) = ^ < X] I I'^W/^cJil* 

iex"i(H/) 

(b) Fix W eW^ and tJ„ G f^'". For any < /c < n and G ^^"(T^), we have 
(6-9) 7ij„|co(tyn) < \ Jw^Tj;j'^_Jco{w^")\Jw^^'^'^k\co{w^k)^ 

whenever Tj^/ VF^" C Wf G ^^"(H^). 



■'n-fc 



Now grouping G ^J^" (T^) by most recent long ancestor Wj G L'^'' (W) as described in Section 13.51 
and using (j6.9p . we have 



i fc=0 H/fceL^'-- (W^) i6X?" (w/j^) 



where we have split off the terms involving k = that have no long ancestor. We have 

\Jw^Tj,Jco^^,^ < il + C2)\T^,W^\\W^'\-' < 35^\l + C*,)\T^,W^'\ 

since \Wj \ > 6o/3. Since I^^"{Wj) and 1-nl^k{W^) correspond to the same set of short pieces in the 
(n — generation of Wj, we apply part (a) of this lemma to each of these sums. Thus, 



n—1 n—1 



which is uniformly bounded in n. 
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(c) follows from (b) by an application of Jensen's inequality and (d) follows from (H3) using an inductive 
argument similar to the proof of (a). □ 

We complete the proof of Theorem 12.101 via the following proposition. The uniform Lasota-Yorke in- 
equalities of Theorem 12.21 then follow from the argument given at the beginning of Section HI 

Proposition 6.3. Choose £ < Eq sufficiently small that o"(l + e) < 1 and let A{i',g) < e. There exists a 
constant C , depending on a, A, and (H1)-(H5) such that for h £ B and n >0, 

(6.10) \^l,g)h\v, < Cri^\h\yj 

(6.11) \\J^l,g)h\\s < C??"(^i'-")" + A-«'^)||/i||. + C75o-V|/iU 

(6.12) \\qu,g)h\\u < Cr]^A-^^h\\^ + Cr]''C^\\h\U 
Proof. We record for future use, 

„ n 

Ru,g)K^) = ho T^liJ^T^^ o T^l)-^ J] 5(w„ T-/ o . . . o rj»di."(uJ„). 

The proofs of the inequalities are the same as in Section [5] except that we have the additional function 
g{u),x). We show how to adapt the estimates of Section H] to the operator in the case of the strong 

stable norm. The other estimates are similar. 

Estimating the Strong Stable Norm. Following Section 14.21 we write, 



.13) 



/ ^'(u,g)h'4>dmw = I V< / h{il^oTzj^-il;^){J^TzjJ ^Jwj^Tj:j^T\g{ujj,Tj:j^_,x)d'. 
Jw J^'^i l-^M^r j=i 

/ KJ^lTl:Ijn)''^JwJ'TJs^\\9{^i^TJ:^J-lX)drnw^dv'^{Wn), 



where tpi = \ Wl^\ ^ J^^rn i/joTu^ draw- Since for each a;„, satisfies properties (H1)-(H5) with uniform 
constants, we may use the estimates of Section^ Accordingly, o Tjj^ — tpi\ci{W") ^ CA~'^"'|VF|~" using 
KEh . Define Gzj„{x) = Uj=i di^j^T-^^-i^)- We estimate the first term of (l6TT3]l using (liTOjl 



V / h{^o Taj„ - Vi) (Jf,TzjJ ^ Jwj'Tjj^Guj^ dmw 



(6.14) - XI ^11^11^1^*1"!*^'^^'^^"'' ^ Jw['TjjJci{wj')\'4' ° Tzj„ - ipi\ci{W[')\GujJci{W[') 

i 

< C||/i||sA / , 1^;^^^ \JwrTzjJco(wp)\GLjJci(wr)- 

i 

The only new term here is \G^^\Qq(T^n-^ which is addressed by the following lemma. 

Sublemma 6.4. There exists C > 0, independent ofW anduJn, such that ifWp € Qn'^iyV), then 

ICzj^lc^w;^) < CGnn^ix) for any x G W". 
Proof of Sublemma. For x,y £ W^, 



,x) " 



-( 7^ :t < y.a \g{u}j,-)\cHM)d{Tzj^^,x,Tzj^^,y) 

llj=i9[^j,J^zjj-iy) ^ 



oo 



<J2^ ^ACeA ''d{x,y) =: cod{x,y), 
using properties (i) and (iii) of g. The distortion bound yields the lemma with C = cqc'^ . □ 
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We estimate (j6.14p using the sublemma and Lemma 16.2( c). 
(6.15) I Hi^°T^^-A)iJ^.TJ,J-'Jw^Tu^Gu^dmw<C\\h\Ur^^A-^^^^ 

where xq is some point in T^^^W. 

Similarly, we estimate the second term in (j6.13p using ()4.1ip . In each term, G^j^ plays the role of a 
test function and we replace the occurrences of {Gjj^lcp^^iyn^ and |c9(VK") ^ appropriate according to 
Sublemma 16.41 Thus following ()4.1ip . we write, 

choosing the same xq as in (I6.15p . Now Combining this expression with (I6.15P and (I6.13p . we obtain 

r. n 

/ Cr^^Hdmw < C7?"(||/i|U(A-^" + ^i^~")") + <5o-"|/iU)TT5(u;,-,r,,^.„,xo). 

We integrate this expression one ujj at a time, starting with Notice that J^g{ujn,Tzj^_j^xo)di'{uJn) = 1 
by property (ii) of g since T^j^ ^ is independent of Un- Similarly, each factor in Gjj^(xo) integrates to 1 so 
that 

\\q.,g)h\U < C\\h\\sr]''{A-'i^ + ei^-")") + CV"r?"|/iU 

which is the required inequality for the strong stable norm. The inequalities for the weak norm and the 
strong unstable norm follow similarly, always using Sublemma 16.41 □ 



7. Proofs of Applications: External Forces with Kicks and Slips 

In this section we prove Theorem 12.81 and 12.91 for the perturbed dispersing billiards under external forces 
with kicks and slips. To simplify the analysis, for any fixed force F, we will consider our system, denoted 
as Tf g, as a perturbation of the map Tf,o- We say a constant C is uniform if C = C(ei , , /C=k , E'* ) , where 
ei,r^,,/C=i, and E^: are from (A2) and (A3). 

We begin by reviewing some properties of Tp = Tp o proved in |Ch2j and proving some additional ones 
that we shall need. 



7.1. Properties of Tp. We assume the setup described in Section [2.3I B. which is the billiard flow given 
by ([231) and ([23]) with G = 0. 

Let X = (q, 0) G be any phase point with position q, and V £ a tangent vector at x. Pick a 

small number 5o > and a curve Cs{0) = (qs,0s) C A4 tangent to the vector V, such that cq = x and 
^|s=o = V, and s £ [0, 5o]. Now we define Cs{t) = <I>*Cs(0), for any t > 0. Since r is the free path function, 
we have dr = pdt. In the calculation below, we denote differentiation with respect to s by primes and 
that with respect to r by dots. In particular, Cs(t) = (q, ^) = (v,/i), where v = p/p = (cos 0, sin 6*) and 
h = /i(q, 6) is the geometric curvature of the billiard trajectory with initial condition (q, 9) on the table. 

If we assume tg to be the time that the trajectory of Cs(0) hits the wall of the billiard table, then 
{cs{t) \ t G [0,t<j],s G [0,(^o]} is a smooth 2-d manifold in Ai. We introduce two quantities n = q' • v, 
and w = ci' ■ v"*", where v"*" = {— sin 6 , cos 6) . Clearly q' = uv + wv^. Now let k = {9' — uh)/w. We 
consider two vectors of the surface U = (v, h) and R = (v-*-, k). Clearly Cg = U and c'g = uU + wR. Define 
pu = grad(|?) - U, PR = grad(|?) • R, and hu = grad(/i) -U, hn = grad(/i) • R, respectively. Then it is straight 
forward to check that 

(7.1) p' = grad(p) • Cg = pjju + prw h' = huu + Iirw and 9' = kw + hu. 

In addition p = pu and h = hjj- The derivation of these formulas can be found in [Ch2]. The following 
lemma was proved in |Ch2[ Lemmas 3.1, 3.2]. 
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Lemma 7.1 ( [Ch2] ). The evolution of the quantities k and w between collisions is given by the equations 

(7.2) k = —K^ + a + bn and w = kw, 

where a = a{h), b = b{h) are smooth functions whose norms are bounded by cqEi for some uniform 
Co > 0. Furthermore, at the moment of collision, 

, . _ . _ , . _ 2}C(r) + (h+ + h-)sm(p 

(7.3) u = u , w = —w and k = k H . 

cos if 

In addition the derivative of r and ip satisfies 

(7.4) dr / ds = / cos (p and d(p/dr = ^]C{r) + cos simp. 

We will calculate the differential of the map Tp (which is not contained in |Ch2| ). It follows from (j7.2p 
that 

dw d , . . . . 2 / , X 7 ■ 

(7.5) — — = —[KW) = KW + KW = KW — K w + [a + bK)w = aw + bw. 
dr dr 

This implies that 

r w{t) = w{0) + £ aw + bw d'j 
^' ^ \ w{t) = w{0) + w{0)t + Jq aw + bw dj d^ 

At the moment of collision, ()7.3p implies that 

J w'^ = —w~ 

(7.7) < . , _ 2^+(fe++fe-)siny 



In addition (j7.4p implies that 



w ' = —w ^ -w 

COS (p 



dip lC{r) + h^smip ^ _^ 



(7.8) -i- = —-^ -w^ T w 

as cos ip 

Lemma 7.2. For x = {r,ip), let ti{x) denote the distance to the next collision under the flow. There exist 
constants Ci,C2 > independent of x, such that \w{t)\ and \w{t)\ are uniformly bounded from above by 
Ci\w+{0)\+C2\w+i0)\ forT£ [0,n{x)]. 

Proof. We fix x and abbreviate ri(x) as ri. We begin by adapting [Ch2\ Lemma 3.4], to show that if for 
some To G [0,ri), k{tq) is bounded away from zero, then k is bounded away from zero and infinity on 
["najTi]. More precisely, (|7.2p implies that if k > 0, then 

b 6^ 

-{k + £2)^ < k = -K^ + bK + a = -{k - -)'^ + — + a < -{k - coei)^ + 
where e| = 2cq£i. 

So if we assume that for some tq G [0,ti), k'^{tq) > c\ for a fixed c\ > 5-y/eo, then we may integrate 
these inequalities to obtain 

1 , , ^g2e2{r-To) _^ I 

£2 < k{t) < £2 ^ „ + Co£l, 



{k+{tq)+£2)-^ + {t -Tq) - W- ^g2e2{r-ro) _ 1 

where A = (K+(ro) — cqEi + £2) / {1^^ {tq) — cqEi — £2). Then since eo is small compared to K+(ro), this 
reduces to 

(7-9) I r -£3 < ^(t) < I r + e3 

{k+[tq)) ^ + (t-to) (/«+(to)) ^ + (T-ro) 

where £3 = 2^2 + 2cq£i. 

Now ()7.2p implies that for any < r' < r < ti, 

(7.10) w{t) = ?i;(T')exp ( / Kd'y I . 
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Also, (j7.5p implies that ^dlnw = (a + bn) dr and since w = kw, we integrate this to obtain, 

(7.11) w{t) = w{0)exp (^j^ {^ + b)dj^ for any r € [0, n]. 
Integrating again, it follows that 

(7.12) w{t) = w{0) + w{0) exp + b) dj^ d^,. 

This implies that both w{t),'w{t) are functions of (w^ (0) , {0)) . 

To show that \w\ and \w\ are uniformly bounded, we consider three cases. 
Case I: k is finite on [0,ri) and k(t) < l/r^m for all r G [0,ti) (k can be positive or negative). Then by 
(TrTO]) . \w{t)\ < 1^(0)16^/""""" < |'u;(0)|e""-='''/"'""" for ah r G [0,ri]. 

Once we know \w\ is bounded on [0,ri], we may use it to bound \w\ as follows. We integrate (|7.5p using 
the integrating factor exp(— bdj) to obtain, 

(7.13) w{t) = w{0)e-fo '"i"' + e-^o f>d7 T au;(e)e- /o ^'^^ 

Jo 

Thus 

(7.14) \w{t)\ < |u;+(0)|e^«=i^--'' + |ii;+(0)|e(2^«"i+^/^--)^---coeiTmax =: Ci\w+{0)\ + C2|w+(0)|. 

Case II: k is finite on [0, ri), k{to) > 1/rmin for some tq G [0, n] and tq is the least r in the interval with 
this property. Then by (j7.9p . K(r) > (rmm + 2rjnax)~^ for all r G [tq, ti]. As a consequence, by (|7.12p . 

(7.15) \w{t)\ < \w{to)\ + |iZ;(ro)|rmaxe'=''^^^'"™+^^'"""+^)'"™ 

for each r G [ro,ri]. On the other hand, for r G [0,to], we have k{t) < l/r^in, so that both |tt;(r)| and 
|tt;(r)| are uniformly bounded on this interval by Case I. This together with (j7.15p proves Case II for 
The estimate for follows again from (j7.13p and (j7.14p . 

Case III: k{tq) = ±00 for some tq G (0,ti). According to (17.2p and (17.9p . the only way this case can 
occur is if k reaches —00 in finite time and changes from —00 to 00 at tq. ()7.10p implies in particular that 
w{to) = 0. 

On the interval [0, tq], k clearly satisfies the assumption of Case I so that both {wl and \w\ are uniformly 
bounded as in the statement of the lemma on this interval. Indeed, this is true on any interval in which At 
remains negative. Thus the only case left to consider is when k{t) > for r G (to,ti]. 

In this case, (17.2p guarantees that k initially decreases and (I7.9P guarantees that k{t) > t^^:^^ on this 
interval. Thus by (j7.12p . we estimate as in (j7.15p to bound \w\ by a linear combination of |iy(To)| and 
|7i;(ro)|. But since these two quantities are in turn bounded by |t(;+(0)| and |i(;+(0)| by the previous 
paragraph, the proof of Case III is complete for \w\. The estimate on \w\ now follows again from (|7.13p 
and (fTTip . □ 

Combining the above facts, we can show the following. 

Lemma 7.3. If we denote xi = {ri,ipi) = Tpx, then there exits C = C{IC^,t^) > such that for any unit 
vector {dr / ds , dip / ds) , 



cosipi^ = (cos + r/C + ai) g + (r + as)^ 

cos(/?i-^ = (r/Ci/C + /Ci cos 99 + /C cos + ^1) ^ + (^i^" + cos 991 + 62) ^ 



where aj < Cei and hi < Cei, for i = 1,2. In addition 
(7.17) (l_Cei)^^ < IdetD^Tpl < (1 + Cei)-''°' 



cos ifl COS ifl 

Proof. Let xi = Tpx, and ri(x) be the length of the free path of x. By (j7.1ip and (|7.12p . there exists a 
linear transformation Dx such that 

(7.18) Dx{w+,w+f = {w^,w^f 
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where = w~{ti) and = ■w~{ti). Indeed, by Lemma 17.2^ there exist smooth functions Cj, z = 1, . . . 4 
with |cj| < Cei for some C = C(/C=k, t=k) > such that 

(7.19) / := / aw + bwd'y = ciw^{0) +C2W^iO), II := / aw + bw d'jdS, = C3W^{0) + CAW^iO), 
Jo Jo Jo 

so that using (j7.6p . we may write Dx as 

1 + C3 T + C4 



(7-20) Dx . 

^ ' > Ci 1 + C2 

Using (|7.7p and (|7.8p . the differential of DTp satisfies 

(7.21) DTf = N-^Lx,DxNx 
where 

N =-( ^^^"^ ^ 
\ IC + h+sinip 1 

is the coordinate transformation matrix on TxM, such that (w^(0), w^(0))^ = Nx{dr/ds,dip/ds)'^ , and 

(7.22) Lxi = ( 2^i+(fe++fej:)sinyi _ I and iV^Ti^ = ( jCi+hf^in^i j • 

\ COS(/3l / \ COS 1^1 / 

Now combining ([Tie]) with (f7J9]l and ([721]), we get 

dri /■ ^ , + . ^ c??' dip 

— cos V'l^— = (cos ip + TK, + Th smc^l - — h r— ii 

ds ds ds 

I , dr dp , I 

= (cos ip + T/C + rh sin ip) - — h r— c^w — c^w 

ds ds 

, 1- \ , .dip 

= [cos ip + tK. + ai) — + [T + a2)-r 
ds ds 

where ai = C3 cos ip + Ci{IC + h'^ sin ip) + r/i+ sin p and 02 = C4. Similarly we obtain 



(/Ci + sin ipi ) (ii;^ + ii;^r + //) — cos pi (w^ + I) 



cos^Ji-^^ — = + smipijw^ —cosp^iw-^ 



where 



= [(/Ci + h7 sin ipi) cos 99 + (t(JCi + h7 sin 991) + cos ipi)(IC + sin(/?)l — 

ds 

+ (r/Ci + rh^ sin 991 + cosipi) ^ — //(/Ci + sin(^i) — I cosipi 

diT dip 
= (r/Ci/C + /Ci cos 99 + /C cos ipi + bi) — + (JCit + cos pi + 62) 

ds ds 

bi = (cos ip + T)C)hi sin + cos ipi (ci cos p + C2/C + (1 + C2)/i^ sin p) 
+ (c3 cos + r/i^ sin 99 + C4(/C + /i"'' sin p)^ {JCi + slnpi) 

and 62 = (t" + C4)^r siny?! + C4/C1 + C2 cos 991. 

Now we use the assumption that the quantities /C, r are uniformly bounded from above, and = 0{ei), 
to obtained that for any unit vector {dr/ds,dp/ds), the quantities \ai\ < Cei and \bi\ < Cei, i = 1,2, for 
some uniform C > 0. 

Finally we use (j7.2ip to calculate the determinant of the differential DxT^, 

det DxTf = det • det L^. • det Dx ■ det Nx = det Dx 

= ((1 + C2)(l + q) - Ci(t + C4)) 

COS 

which implies the last inequality (I7.17p . □ 
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It follows from the above lemma that the differential D^Tp : 7^.M — )• Tx^M at any point x = {r,ip) G M 
is the 2x2 matrix: 

(7 24) DT (x) = ^ ( r/C + cos + ai r + 02 

^ cosv?i y /C(ri)(T/C + cos(/?) + /C cos(/?i + 61 T/C(ri) + cos + 62 

where xi = Tf(x) = {ri,ipi). 

Furthermore it was shown in [ChOl] that the map Tf has two families of cones C"(x) (unstable) and 
C^{x) (stable) in the tangent spaces TxM, for all x E M. More precisely, the unstable cone C"(x) contains 
all tangent vectors based at x whose images generate dispersing wave fronts: 

(7.25) C"(2;) = {(dr, dip) G %M : Bq^ < d^/dr < Bq}. 

The unstable cone C"(x) is strictly invariant under DTp. Similarly the stable cone 

C'{x) = {{dr^dip) £ TxM : -Bq^ > dip/dr > -Bq} 

is strictly invariant under DTp^. Here Bq = (^1 ; t"* , /C* ) > 1 is a uniform constant. Indeed, there exists 
a uniform constant C > such that we can choose Bq = /C~^ + 2r~^ + Cei for all ei sufficiently small. 
Let dx = {dr,dip) G TxM. Following |CMt Section 5.10], we define the adapted norm || • ||* by 

(7.26) \\dx\U = '^^^^^Mwdxl Vdx G C^(x)uC"(x), 

vl + 



where \\dx\\ = \J dr'^ + dip'^ is the Euclidean norm. Since the slopes of vectors in C^{x) and C"(x) are 
bounded away from ±00, we may extend || • ||* to all of in such a way that || • ||* is uniformly equivalent 
to II • ||. It is straightforward to check that for dx £ C"(x), 

(7.27) > A := 1 + /Cminrrnin/2. 

Finally, a simple calculation using (I7.24j) shows that there exists a constant Bi = -Bi(/C*, Tmin, Tmax) > 
such that 

(7.28) ^\ , < 1^ < for all dx £ C"(x). 

cosv9(xi) ||ax|| cosip[xi) 

Uniform expansion in C*(x) under DT~^{x) follows similarly. (See also [Ch2[ Sect. 3].) 

7.2. Hyperbolicity of the perturbed map Tp Q. We are now ready to verify conditions (H1)-(H5) 
for the map Tpc- We do this fixing F, G satisfying assumptions (A1)-(A4) with |F|(ji,|G|ci < e for 
some e < £1. We then compare T = Tf q with the related map Tp = Tp Q. 

Since G preserves tangential collisions, the discontinuity set of T is the same as that of Tp, which 
comprises the preimage of Sq := {ip = ±tt/2}. Similarly, the singularity sets of and Tp ^ are the same 
due to (A4). But the singular sets for higher iterates are not the same. Let = U^^qT^^cSq,!/ with 
n G N. Then T^"- is smooth on M \ 

For any phase point x = {r,ip) G M, let Tx = {fi,(pi) and Tpx = (ri,(/7i). According to (A3) and 
(A4) and since we are on a fixed integral surface, we may express G in local coordinates via two smooth 
functions and g"^ such that g^{r, ±vr/2) = 0, i = 1, 2, and 

(7.29) n = ri +5^(ri,(/?i) and (pi = ipi + g'^{ri, ipi) 

where is a function with norm uniformly bounded from above by CgS, for some uniform constant 

Cg>0. 

According to (17.29p . the differential of T satisfies 

(7.30) dfi = [1+ gl{ri,ipi)) dri + gl{ri,ipi)dipi and d(pi = gl{ri,ipi)dri + [l + g2iri,ipi)) dipi 
where 5i('"i>¥'i) ~ dg^/dri and g|(ri,(/7i) = dg^/dipi. This implies 

(7.31) DT{x) = ( l + fHn,c^i) 9j{ri,^i) \ 
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Note that T is not a perturbation of Tf around the boundary of M. Furthermore, T no longer preserves 
/ip, the SRB measure for Tp. However, it follows from (j7.17p and (I7.31|) that 

(7.32) I det DTix)\ < + Ce) < ^^^^(i + C,e) 

cos cos 921(2;) COS 921(2;) 

since by ([TjS]), 

(7.33) = ^^^(Mx)+9\x,)) ^ 

cos(/?i(x) COS 991 (2;) 

since g'^{r,±TT/2) = and \Vg'^\ < Ce. Clearly this implies condition (H5). 

The next proposition shows that although the perturbed maps do not have the same families of sta- 
ble/unstable manifolds, they do share common families of stable and unstable cones. 

Proposition 7.4. There exist two families of cones C^{x) (unstable) and C^{x) (stable) in the tangent 
spaces TxM and A > 1, such that for all x € M: 

(1) L>r(C"(x)) C C"(rx) and DT{C'{x)) D C%Tx) whenever DT exists. 

(2) These families of cones are continuous on M and the angle between C"(x) and C^{x) is uniformly 
bounded away from zero. 

(3) \\DxT{v)\U>A\\v\U,yvGC''{x) and \\DxT-^{v)\U > A\\v\U,yv £ C'{x). 

Proof. For x £ M and any unit vector dx G TxM, let dxi = DxTpdx. Then by (|7.30p the slope Vi of the 
vector dxi at xi := Tx = {fi,(pi) satisfies 

1+51+52^1 

So the cone C'^{x) from (j7.25p may not be invariant under DT[x). Accordingly, we define a slightly bigger 
cone, 

C'ix) = {{dr,dip) e%M : ^^"^(l - ci^i)) < dip/dr < Bo{l + C2ei) 

for some constants ci,C2 > 0, and we use assumption (A2) to ensure that aei < 1/2, i = 1,2. By 
(j7.24p . DTp maps the first and third quadrants strictly inside themselves and shrinks any cones larger 
than the unstable cones. More precisely, let ^ be a unit vector on the upper boundary of C"(x), with 
slope V = -Bo(l + C2ei). Then by (|7.24p the slope of DTpV satisfies Vi = ^^^y , where we denote 

A B \ _ / tJC + cos (f + ai r + 02 

C D J Y /C(ri)(r/C + cos 99) + /C cos 991 + 61 T/C(ri) + cos 991 + 62 

It follows from the invariance of C" that < Bq. One can easily check that 

C + DBq{1 + C2ei) , 
A + BBo{l + C2ei) 

Similarly we can check the lower boundary of the cone is also mapped inside the cone C". Thus is 
invariant under DT. 

Similarly we define the stable cone C^{x) as 

C'{x) = {{dr, dip) G %M : -^-^(l - ciei)) > d^/dr > -Bq{1 + 0261)}. 

Then one can check that the stable cone is strictly invariant under DT~^ whenever DT~^ exists for any 
T £ T . From the definitions of C^{x) and C"(x), it is clear that the angle between them is bounded away 
from on M. Thus items (1) and (2) of the lemma are proved. 
To prove (3), note that ()7.26p implies, 

||(ixi||=K lld^ill* ||dxi||* lldxill* /C(fi) + |d(^i| 



lldxill^, \dx\^ /C(ri) + 1^991 
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Using (j7.29p . (j7.30p . (j7.27p and the fact that /C(-) is a function on M, we conclude that for eo = 1 small 
enough, 

(7.35) > A := 1 + /C„,inr^in/3. 

Similarly, one can show property (3) for stable cones, which we will not repeat here. □ 

Near grazing collisions, we have also using (j7.28p and (|7.33p along with ()7.29p and (j7.30p . 
^7 3g) B{\l-Cei) \\dxi\\ ^ \\dxi\\ \\dxi\\ Bi{l + Cei) 



cosipi \\d^i\\ \\dx\\ cos(/?i 

which establishes (j3.3p in (HI) since in the finite horizon case, there are only finitely many singularity 
curves so we may take n in that formula to be 1. 

The last formula (j3.4p in (HI) (again with n = 1) follows directly from differentiating (j7.3ip and using 
()7.24p to recover this standard estimate for the unperturbed billiard (see |KS] or |Ch2l Sect. 9.9] for the 
classical result). This finishes the verification of (HI). 

7.3. Regularity of stable and unstable curves. It follows from Proposition 17.41 that we may define 
common families of stable and unstable cones for all perturbations T £ J~b{Qo,t*,£i)- Recall the homo- 
geneity strips IHI/j defined in Section 13.11 and that a homogeneous curve in M is a curve that lies in a single 
homogeneity strip. In this subsection we will show that there is a class of smooth unstable homogeneous 
curves W" in M which is invariant under any T £ J^. Furthermore these curves are regular in the sense 
that they have uniformly bounded curvature and distortion bounds. Similarly, there is an invariant class 
of homogeneous stable curves, W. 

7.3.1. Curvature bounds. The next lemma, proved in Tp in |Ch2] . states that the images of an unstable 
curve are essentially flattened under the map Tp. 

Lemma 7.5. Let W C M be a C'^ -smooth unstable curve with equation ipQ = (po{rQ) such that T^W is a 
homogeneous unstable curve for each < i < n. Then T^W has equation ipn = ^ni^n) which satisfies: 

(7.37) \^\ < + e-'-\^\ < C, 

dr^ drQ 

where Ci = Ci{Q), i = 1,2 is a constant and G (0,1). Furthermore, for any regular unstable curve 
W, there exists n\Y > 1, such that for any n > nw, every smooth curve of T^W has uniformly bounded 
curvature. 

One can obtain a similar bounded curvature property for the perturbed map T. 

Proposition 7.6. (Curvature bounds) Let W be any smooth unstable curve. Then there exists n\Y > 1 
and Cfc > such that every smooth curve W C T'^W with equation Cpn = (pn{^n) satisfies 

(7.38) \d^ipn/df1\ < Ch, for n > uw- 

Proof. We fix any phase point xq := x £ W, denote Xn = {rn,Vn) = T^x and Xn = {rn,^n) = T'^x. 
According to (I7.30p . the slope of the vector DT dx satisfies 

(J difii ^ + (l + gi)Vi ^ gf + gjVi - glVi - g^Vi 

where Vi = dtpi/dri, Vi = d^i/dfi. We differentiate the above equality with respect to ri, using the fact 
that by (|7.30p . ^-^ = 1 + g\+ g^Vi. Now use the same notation as in Lemma 17.51 to get for some Co > 
and C3 > 

(7.40) fe|<Co + (l + C3.i)^^fe|, 

drl dr^ 
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since (P(po/dfQ = d'^ipQ/dr^. By choosing ei small one can make (1 + £iC^)e'^ < 1. Then we have for any 
n > 1, 

df2 ~ 1 — 9 dfg 

Since W is there exists Ci = Ci{W) > such that |^| < Ci. We fix a constant = Cfe(Q) > and 







define 

MCb/C: 

nw = 



Then for any n > ny/, connected components of T"VF have equation (pn = (pnifn) with second derivative 
bounded from above by C;,. □ 

We now fix the constant Cb > 0, then define W" be the class of all homogeneous unstable curves W 
whose curvature is uniformly bounded by C^- It follows from Propositions 17.4] and 17.51 that the class 
is invariant under any T £ J^. Any unstable curve W G is called a regular unstable curve. Similarly 
one defines W^. This verifies condition (H2). 

7.3.2. Distortion bounds. In this section, we establish the distortion bounds for T required by (H4). For 
any stable curve W G and x E W, denote by JwTf{x) (resp. JwT{x)) the Jacobian of Tf (resp. T) 
along W at X £ W. It was shown in [Ch2j that there exists Ci > 0, such that for any regular stable curve 
W for which T^W is also a regular stable curve, 

(7.41) |ln Jw/rF(x) -lnJiyrF(2/)| < Cidw{x,y)'^ 

where dwix,y) is the arclength between x and y along W. We show that T has the same properties on 
the set of all regular stable curves VV"*. 

Lemma 7.7. (Distortion bounds) Let T £ T and W G be such that T is smooth on W and TW G W"*. 

There exists Cj > independent of W and F such that 

I In JwT{x) - In JwT{y) \ < Cjdw {x,y)^. 

Proof. Fix T G and W G W** for which TW G W*. This implies in particular that both T and 
Tf are smooth on W. For any x = {r,ip) £ W, let xi := Tpx = (ri,(/?i) and xi = Tx = {fi,(pi). 
Similarly, let dx = {dr,dip) G TxW be a unit vector and define dxi = DTp{x)dx = {dri,dipi) and 
dxi = DT{x)dx = {dfi,dipi). Then 



JwT{x) _ 1 + Vf\dri\ 



JwTf{x) yi + Vi^ldril 
where Vi = d^pi/dri and Vi = d(p\ldf\. Then it follows from (j7.30p that 

(7.42) \nJwT(x) = In JwTf{x) + ^ ln(l + Vf) - ^ ln(l + Vf) +\n\l + gl+ glVi\. 

By the smoothness of W and the curvature bounds, there exists C > such that for any x,y £ W, 
Iln(l + V2(xi))-In(l + V2(yi))| < \Vf{xi)-Vf{yi)\<CdTMxuyi) < C'dw{x,y), 

where yi = Tpy, and similarly for Vi. Since G is C^, the terms involving gl and g^ satisfy a Lipschitz 
bound as well. Putting this together with ()7.4ip and ()7.42p proves the lemma. □ 

In general, for W G W and n G N, suppose T" is smooth on W and that T^W £ W, < A; < n. 
Define T^W = Wk and for x,y £ W, let Xk = T^x and yt = T^y. Then 

n-l 

I In JwT'^ix) - In Jp^r"(y)| < ^ | In Jw,T{xk) - In Jw,T{yk)\ 

(7.43) *^=° 

n— 1 oo 

< cY,dw,{^k,yk)'^'' < Cdw{x,y)'/'Y.^'^'' 

k=0 k=0 
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due to (|7.35p . This completes the required estimate on JwT. 

Finally, we prove the required bounded distortion estimate for J^T. By ()7.23p and (j7.3ip . we have 

(7.44) detDT{x) = ^^{{l + C2){l + cs)-ci{T + c^)){{l + gl){l + gl)-gWi) - ^^""^ 



cos ifi ^ ' COS ip\ 

where ci, . . . , C4 are defined by (j7.19p and we have replaced cos 921 with cos (p\ times a smooth function on 
M\Sf due to dLM]). Note that A{x) is a smooth function of its argument wherever T is smooth and 
has bounded C norm on M\Sf. It follows that J^T is a smooth function on M \ Sf whose C^-norm is 
bounded between 1 it Cei for some uniform constant C depending on the table (recall that dfi = ccos ip dm 
is the smooth invariant measure for the unperturbed billiard Tq o). The required distortion estimates (jS.Sp 
and (j3.9p for J^T follow using this smoothness and the uniform hyperbolicity of T as in (j7.43p . Indeed, 
(|7.43p holds with exponent 1 rather than 1/3 for J^T. This completes the verification of (H4). 

Distortion bounds for del DT with exponent 1/3 follow from the above considerations in addition to 
recalling that 1/ cos f is of order /c^ in H^, while the width of such a strip along a stable or unstable curve 
is k~^. Similarly, one may prove absolute continuity of the holonomy map between unstable leaves as in 
[Ch2] ■ but we do not do that here since we do not need this fact. 

7.4. One step expansion. Since we have established the expansion factors given by (j7.35p and (j7.36p . 
the one-step expansion condition (j3.6p follows from an argument similar to the unperturbed case (see [ CM.. 
Lemma 5.56]) and fixes the choice of fco G N, the minimum index of the homogeneity strips. We will not 
reprove that lemma here. Instead, we focus on the second part of (H3), given by (j3.7p . 

Fix 6q > and /cq satisfying (j3.10p and define accordingly. For W G W'^, let Vi denote the maximal 
homogeneous connected components of T~^W. 

Lemma 7.8. For any q > 1/2, there exists C = C((5o,?,eo) > such that for any W G W*, any 
T G J^B((5o,n,ei), 

i 

Proof. According to the structure of singular curves, a stable curve of length < 5q can be cut by at most 
N < Tmax/Tmin singularity curves in 5^1 (see |CMt §5.10]). For each s G S^i intersecting W, W is 
cut further by images of the boundaries of homogeneity strips , k > k^. For one such s, we relabel 
the components Vi of T~^W on which T is smooth by Vk, k corresponding to the homogeneity strip 
containing Vk- By (I7.36p . there exists ci = ci(ei) > such that on TVk, the expansion under T^^ is 
> ci/c2. So for ah ? > 1/2, 

k>ko ' ' k>ko 

An upper bound for ()7.45p in this case is given by N times the bound in ()7.46p . □ 
This completes the verification of (H1)-(H5) and completes the proof of Theorem [ 



7.5. Smallness of the perturbation. In this section, we check that conditions (C1)-(C4) are satisfied 
for ei sufficiently small. We will then be able to apply Theorem 12.91 to any map T G J^b{Qo,t*,£i)- 

We fix e G (0,ei) and choose any T := Tf_g G J^BiQoiT*i£i), such that \F\(^i, \G\ci < £■ By the triangle 
inequality, it suffices to estimate dj^{To,T) where Tq = Tq q is the unperturbed billiard map. 

Denote by the flow corresponding to T and by <I>q the flow corresponding to Tq. Let x G M \ (iSTi U 
5*^° ). By the facts summarized in Section [7. 11 <I>*(j;) and *I'o(''^) ^^'^ further than a uniform constant 

times et on the billiard table. Thus since T has finite horizon bounded by Tmax and the scatterers have 
uniformly bounded curvature, T(x) and T^^oix) can be no more than a constant times y/e apart if they 
lie on the same scatterer. By the smallness of G and (I7.29p . we have dM{TF,o{x),TY^G) < Ce and thus by 
the triangle inequality, dM{T{x),TQ{x)) < for some uniform (7/ > as long as they lie on the same 

scatterer. A similar bound holds for T~^x and Tq x. 

Let e = CfE^/^. It then follows that for any x i N^{S\ U S^"!), d{T~^ {x) ,Tq^ {x)) < e. This is (CI). 



44 MARK F. DEMERS AND HONG-KUN ZHANG 

To establish (C2), we use the fact that J^Tq = 1 while 

J^T{x) = ((1 + C2)(l + C3) - ci(r + C4)) ((1 + g\){l + gl) - gWi) 

by (j7.44p . Since the functions here are all bounded by uniform constants times e and our horizon is bounded 
by Tinax, (C2) is satisfied. 

Next, we prove (C4). Inverting (j7.3ip and ()7.24p and using (j7.44p . we have 



B + b2 C - 02 



-9l 



-9l l+9\ 



A{T-^x) cos ip{T-^x) \D-bi E + ai 

where A is the smooth function from ()7.44l) and B = t{T~'^x)K{x) + cosLp{x), C = —t(T~^x), 

D = - IC{T-'^ x) {t {T-'^ x)IC{x)+cos ip{x))-IC{x) cos ip{T-'^x), and E = T{T-^x)IC{T-^x)+cosip{T-^x) 

match the corresponding entries of DTq^x with T replaced by Tq. 
We split the matrix product as 



B C 
D E 



+ 



62 -02 
-61 Oi 



/ + 



9l 



-9\ 
9l 9\ 



--■■F + R, 



where F 



B C 
D E 



and i? is a matrix whose entries are smooth functions, all bounded by a uniform 



constant times e. Now defining Fq to be the matrix F with Tq replacing T, we write, 
(7.47) 



DT-^{x)- DTq^{x) 
\\F-Fo\\ 



< 



|^(r-ix)cos(/7(r-ix) 



A{T-^x) cos ip{T~^x) cosifiTQ^x) 
+ \\Fq" ^ ^ 



A{T-^x) cos ip{T~^x) cos cpiT^h 



+ 



\R\ 



\A{T-'^x)cosip{T~^x)\' 



Notice that if x ^ N^{S'Ei ^ then due to the uniform expansion given by (|7.36p and the uniform 

transversality of the stable cone with Sq, we have dM{T~^x,So) > C-^/e, for some uniform constant C. 
Thus cos (f{T^^x) > C'y^ for some uniform constant C > 0. The same fact is true for Tq^x. 

Using this, plus the fact that the entries of F and Fq are smooth functions of their arguments with 
uniformly bounded norms, we estimate the first term of ()7.47p by 



\F-Fn 



\A{T ^x) cos ip{T ^x 

since the norm of A is bounded above and below by 1 it Ce by (j7.44p . Similarly, the third term of 
(fTlTl) is bounded by Ce. 

Since ||-Fo|| is uniformly bounded, we split the middle term of (I7.47P into the sum of two terms, 



A{T~^x) cos ip{T'^x) cosipiT^^x) 



< 



cos ip{T ^x) 



A{T-^x) 



+ 



cosv?(T ^x) cos93(Tg ^x) 



As noted earlier, the norm of A is bounded above and below by 1 it Ce so that the first difference above 
is bounded by Ce~^/'^e < CCfC. The second difference is bounded by Ce~^dM{T~^x,TQ^x) < C'e~^e^^'^ = 
C'CfC^^'^, similar to the estimate ()6.7p . 

Putting these estimates together in (j7.47p proves (C4) with e = Ce^^^. Condition (C3) follows sim- 
ilarly using the fact that Jy\rT{x) = ||DT(x)?;|| where v G TxW is a unit vector. The exponent of e 



in (C3) is better than in (C4) by a factor of e^^"^ since we must estimate 



cos tp{T-'^x) cosfiT'^x) 



COS ip{T ^x) 
cos ip^Tq^x) 



in place of 
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